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TECHNICAL  MECHANICS 


i .   Introduction 

Mechanics  had  its  origin  in  the  experience  of  ancient  peoples  with  de- 
vices for  lifting  and  moving  heavy  things.  The  devices  included  the 
so-called  simple  machines  or  mechanical  powers;  namely,  the  lever,  the 
pulley,  the  wheel  and  axle,  the  inclined  plane,  the  wedge  and  the  screw. 
That  experience  probably  afforded  fairly  definite  and  full  knowledge  of  the 
practical  advantages  of  these  various  devices,  but  the  simple  and  precise 
mechanical  principles  involved  in  them  were  long  unrecognized.  The  first 
recognition  of  such  a  principle  marked  the  real  beginning  of  the  science  of 
Mechanics. 

History  records  that  the  principle  of  the  lever  is  the  mechanical  principle 
first  discovered,  and  that  Archimedes  (287-212  B.C.),  famous  Greek  mathe- 
matician, was  the  discoverer.  He  perceived  the  application  of  this  prin- 
ciple to  the  wheel  and  axle  (continuous  lever),  to  the  pulley  (movable 
lever),  and  to  certain  combinations  or  systems  of  pulleys  and  cords,  one  of 
which  still  bears  his  name.  The  discovery  of  the  principle  of  buoyant  effort 
on  a  body  floating  on  or  immersed  in  a  fluid  is  due  to  him.  Apparently  no 
additions  to  these  achievements  of  Archimedes  were  made  during  the  sixteen 
centuries  following  his  time. 

The  principle  of  the  lever  as  understood  by  Archimedes  covered  only  the 
special  case  of  two  heavy  weights  suspended  from  a  horizontal  bar  sup- 
ported at  a  point  (fulcrum)  between  them.  For  such  case  he  stated  that 
the  weights  are  inversely  as  the  distances  from  the  fulcrum  to  the  points  of 
suspension.  The  principle  was  extended  to  include  the  case  of  forces  ap- 
plied obliquely,  by  Leonardo  da  Vinci  (1452-1519),  famous  Italian  artist  and 
engineer.  He  perceived  that  the  efficacy  of  such  a  force  depends  on  the 
distance  from  the  fulcrum,  not  to  the  point  of  application  of  the  force,  but 
to  its  line  of  action. 

The  principle  next  discovered  was  that  of  the  inclined  plane,  first  defi- 
nitely stated  by  Simon  Stevin  (1548-1620),  Dutch  mathematician  and  en- 
gineer. His  statement  of  the  principle  was  somewhat  as  follows:  The  force 
(acting  along  the  plane)  required  to  support  a  (frictionless)  body  resting 
upon  it  is  to  the  weight  of  the  body  as  the  height  of  the  plane  is  to  its 
length  (measured  along  the  slope).  This  principle  afforded  the  explana- 
tion of  the  wedge  (double  inclined  plane)  and  the  screw  (continuous  inclined 
plane).       Stevin  deduced   the   parallelogram  law  for    two    forces    at  right 
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angles  from  the  principle  of  the  inclined  plane;  and  from  his  study  of 
pulleys  he  noted  that  what  is  gained  in  power  is  lost  in  speed.  Thus  he 
caught  the  first  glimpse  of  two  important  principles,  —  that  of  the  parallelo- 
gram of  forces,  and  that  of  virtual  velocity  or  work. 

The  first  discoveries  of  laws  of  motion  were  made  by  Galileo  (1564-1642), 
Italian  astronomer  and  physicist.  For  2000  years  it  had  been  believed  that 
heavy  bodies  fall  more  rapidly  than  light  ones.  This  Galileo  disproved  by 
actual  trial  at  the  leaning  tower  of  Pisa.  Next  he  was  led  to  inquire  about 
the  manner  in  which  a  body  falls,  or  how  the  speed  changes.  He  made 
several  guesses  at  this  law,  and  finally  verified  one  of  them  by  indirect 
experiment  and  deduction.  Up  to  Galileo's  time,  it  was  believed  that  rest 
was  the  natural  condition  for  a  body;  and  that  motion  was  unnatural, 
requiring  some  outside  cause  (force)  to  maintain  it,  and  ceasing  only  when 
the  force  ceases.  Galileo  perceived  that  motion  is  just  as  natural  as  rest; 
that  motions  cease  not  because  they  are  unnatural,  but  because  of  some 
influence  (force)  from  the  outside  operating  to  reduce  the  motion  and 
eventually  to  destroy  it.  In  short,  he  discovered  the  so-called  first  law  of 
motion,  usually  credited  to  Newton.     He  invented  the  telescope. 

Huygens  (1629-1695),  Dutch  physicist,  made  some  important  contribu- 
tions to  this  science.  He  developed  the  theory  of  the  pendulum,  determined 
the  acceleration  due  to  gravity  from  pendulum  observations,  and  deduced 
certain  theorems  regarding  centrifugal  force.  He  invented  the  clock  pen- 
dulum and  escapement. 

Newton  (1642-1727),  English  mathematician  and  physicist,  is  generally 
regarded  as  the  founder  of  Mechanics.  At  an  early  age  he  began  an  at- 
tempt to  explain  the  motions  of  the  planets,  whose  orbits  and  speeds  were 
then  well  known,  in  terms  of  experience  with  more  familiar  motions.  He 
succeeded  in  thus  explaining  many  features  of  the  planetary  motions,  and 
established  that  there  are  certain  principles  common  to  the  motion  of  all 
bodies,  celestial  and  terrestial.  These  principles  are  generally  known  as 
Newton's  laws  of  motions  (see  index).  His  study  of  planetary  motion  led 
to  other  great  achievements,  among  which  may  be  mentioned  the  discovery 
of  the  law  of  universal  gravitation,  and  the  invention  of  the  calculus  (also 
invented  independently  by  Leibnitz,  German  mathematician). 

Since  Newton,  "no  essentially  new  principle  [of  Mechanics]  has  been 
stated.  All  that  has  been  accomplished  since  his  day  has  been  a  deductive, 
formal,  and  mathematical  development  on  the  basis  of  Newton's  laws."* 
Such  development  constitutes  the  body  of  knowledge  which  we  call  Me- 
chanics, or  sometimes  Rational  and  Theoretical  Mechanics,  to  distinguish  it 
from  Applied  Mechanics.  It  may  be  defined  as  the  science  of  motion,  but  it 
includes  the  science  of  rest  as  a  relatively  minor  part. 

*  For  a  full  and  critical  account  of  that  development,  see  Mach's  "Science  of  Me- 
chanics," from  which  the  quotation  was  taken,  or  Cox's  "  Mechanics"  for  a  good  but  less 
critical  account. 
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Adaptations  of  rational  mechanics  have  played  an  important  part  in 
the  development  of  the  science  of  engineering,  particularly  in  the  depart- 
ments of  structures  and  machines.  Such  adaptations,  together  with  our 
knowledge  of  friction,  strength  of  materials,  and  certain  properties  of  fluids, 
constitute  Applied  Mechanics.  Among  the  pioneer  workers  in  this  field 
should  be  mentioned  the  following:  Coulomb  (1736-1806),  Navier  (1785- 
1836),  Poncelet  (1788-1867),  Monn  (1795-1880),  Saint-Venant  (1797-1886), 
Weisbach  (1806-71),  Rankine  (1820-72),  Grashof  (1826-93)  and  Bauschinger 

(1834-93)-* 

Under  Technical  Mechanics,  the  present  author  includes  those  prin- 
ciples of  rational  mechanics  which  are  especially  applicable  in  various 
fields  of  engineering,  and  some  of  our  knowledge  of  friction.  The  book  is 
divided  into  two  parts  called  Statics  and  Dynamics.  The  first  deals  with 
certain  of  the  circumtances  of  bodies  at  rest,  and  the  second  with  those  of 
bodies  in  motion.  The  certain  circumstances  dealt  with  will  become  ap- 
parent to  the  student  as  he  progresses  in  the  subject. 

*  See  Keek's  "  Mechanik  "  for  an  account  of  their  work  and  fuller  list. 


STATICS 

CHAPTER    I 

COMPOSITION  AND   RESOLUTION   OF   FORCES 
.  Force;  Definitions 

Bodies  act  upon  each  other  in  various  ways,  producing  different  kinds 
of  results.  Any  action  of  one  body  upon  another  which,  when  exerted 
alone,  would  result  in  motion  of  the  body  acted  upon,  or  in  change  of  motion 
if  the  body  is  already  moving,  is  called  force;  the  word  is  a  general  term  for 
push  and  pull.  Our  earliest  notions  about  forces  are  based  on  our  experience 
with  forces  exerted  by  or  upon  ourselves.  Through  this  experience  we  have 
learned  that  a  force  has  magnitude,  place  of  application,  and  direction, 
sometimes  called  the  characteristics  of  a  force. 

1  .he  magnitude  of  a  force    we  must  of  course  compare  it  to 

some  other  force  regarded  as  a  unit.  Many  units  of  force  are  in  use;  the 
most  convenient  are  the  so-called   gravitation  units.  „re  the  earth- 

pulls  on  our  standards  for  measuring  quantity7  of  material  'as  iron,  coal, 
grain,  sugar,  etc.),  commonly  called  standards  of  weight.*  The  earth-pull 
on  any  of  these  standards  is  called  by  the  name  of  the  standard;  thus  the 
earth-pull  on  the  pound  standard  (also  any  equal  fore  ^.lled  a  pound; 

the  earth-pull  on  the  kilogram  standard  (also  any  equal  force)  is  called  a 
kUo:  :c.     Since  the  earth-pull  on  any  given  thing  varies  in  amount 

he  thing  is  transported  from  place  to  place,  gravitation  units  of  force 
are  not  constant  with  regard  to  place.  But  this  variation  need  not  be 
regarded  in  most  engineering  calculations  because  any  error  due  to  such 
disregard  is  generally  smaller  than  errors  due  to  other  approximations  in 
the  calculations.  The  extreme  variation  in  any  gravitation  unit  is  that 
between  its  magnitudes  at  the  highest  elevation  on  the  equator  and  at  the 
poles;  this  difference  is  but  0.6  per  cent.  For  points  within  the  United 
States   the   extreme  variation   equals  about  0.3   per  cent.     For  any  two 

*  In  common  parlance  the  word  -weight  is  used  in  at  least  two  senses.  Thus,  suppose 
that  a  dealer  sells  coal  to  a  consumer  by  weight,  and  engages  a  teamster  to  deliver  it  by 
weight;  to  the  consumer,  the  weight  of  each  wagon  load  represents  a  certain  amount  of 
1  material,  but  to  the  teamster  it  represents  a  certain  burden  on  his  team  due  to  the 
action  of  gravity  on  the  coal  That  is,  weight  suggests  material  to  the  one  man  and 
eirth-piul  to  the  other. 
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points  on  the  surface  of  the  earth,  the  variation  equals  that  in  the  values  of 
g  in  the  formula 

g  =  32.0894  (1  -f-  0.0052375  sin2/)  (1  —  0.0000000957  e) 

computed  for  the  two  places;  /  denotes  latitude,  and  e  elevation  above  sea 
level,  in  feet. 

The  place  of  application  of  most  forces  with  which  we  shall  deal  is  a 
portion  of  the  surface  of  the  body  to  which  the  force  is  applied.  A  notable 
exception  is  earth-pull,  or  gravity,  which  is  applied  not  to  the  surface  of  a 
body  but  throughout  the  same.  All  such  are  called  distributed  forces.  The 
places  of  application  of  some  forces  are  very  small  compared  to  the  sur- 
faces of  the  bodies  to  which  they  are  applied,  and  for  many  purposes  these 
places  may  be  regarded  as  points  of  application;  any  such  force  is  called  a 
concentrated  force.  The  line  of  action  of  a  concentrated  force  is  a  line 
indefinite  in  length,  parallel  to  the  direction  of  the  force,  and  containing  its 
point  of  application.  A  concentrated  force  may  act  along  its  line  of  action  in 
one  of  two  ways, — to  the  right  or  left,  up  or  down,  etc.  We  say  that  the  sense 
of  a  force  is  toward  the  right,  toward  the  left,  up,  or  down  as  the  case  may 
be.    That  is,  sense  refers  to  "  arrow-headedness  "  (see  next  paragraph). 

Since  a  force  is  a  vector  quantity,*  it  can  be  represented  in  part  by  a 
vector  (a  straight  line  of  definite  length  and  direction),  the  length  of  the 


vector  representing  the  magnitude  of  the  force  according  to  some  scale, 
and  the  direction  of  the  vector  giving  the  direction  of  the  force.  Thus,  if 
the  pressures  of  the  driving  wheels  of  the  locomotive  on  the  rails  (Fig.  1) 
is  i2*tons,  then  the  vector  Aa  (0.4  inch  long)  represents  the  magnitude  and 
direction  of  the  pressures,  the  scale  being  one  inch  "  equals  "  30  tons.  If 
the  force  to  be  represented  is  a  concentrated  one,  as  in  the  illustration,  then 
the  line  of  action  also  can  be  represented  by  the  same  vector  which  repre- 
sents the  force  magnitude  by  drawing  it  through  the  point  of  application 
of  the  force.  Thus  the  vector  Bb  represents  magnitude,  line  of  action,  and 
direction  of  the  pressure  of  the  first  driving  wheel.  We  might  extend  this 
scheme  further  so  as  to  indicate  also  point  of  application  of  the  force  by 
the  head,  say,  of  the  vector  as  Cc;  but  we  will  not  plan  to  do  that  because 

the  point  of  application  is  not  of  importance  in  this  subject,  —  Statics. 

« 
*  A  vector  quantity  is  one  having  magnitude  and  direction,  as,  for  example,  a  definite 
displacement  of  a  moving  point.    A  quantity  having  magnitude  only,  as  the  volume  of  a 
thing  for  example,  is  a  scalar  quantity. 
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This  unimportance  of  the  point  of  application  is  definitely  expressed  in 
the  principle  of  transtnissibility  of  force,  which  for  the  present  purpose  may 

be  stated  as  follows:  The  effect  of  any  force 
applied  to  a  rigid  body  at  rest  is  the  same, 
no  matter  where  in  its  own  line  of  action 
the  force  is  applied.  The  principle  may  be 
roughly  verified  by  experiment,  when  the 
body  on  which  the  force  acts  is  at  rest,  with 
the  apparatus  represented  in  Fig.  2;  it  con- 
sists of  a  rigid  body  suspended  from  two 
spring  balances.  The  springs  are  elongated 
on  account  of  the  weight  of  the  body,  and  if 
a  force,  as  F,  be  applied  at  A,  the  springs  will  suffer  additional  elonga- 
tions which  in  a  way  are  a  measure  of  the  effect  of  the  applied  force. 
If  the  point  of  application  of  F  be  changed  to  B  or  C,  the  spring  readings 
will  not  change;  hence  the  effect  of  F  will  not  have  changed. 

Generally,  when  many  forces  are  to  be  represented  graphically  and  dis- 
cussed, it  would  be  well  to  represent  each  force  by  a  line  and  a  vector,  the 
first  to  represent  the  line  of  action  of  the  force 
and  the  second  to  represent  the  magnitude  and 
the  direction  of  the  force.  Of  course  the  line 
must  be  drawn  through  the  point  of  application 
of  the  force,  but  the  vector  may  be  drawn  where 
convenient.  For  example,  consider  the  forces  act- 
ing on  the  upper  end  of  the  boom  (Fig.  3)  of  a 
derrick.  There  are  three  forces;  namely,  a  down- 
ward force  at  pin  1,  one  toward  the  left  at  pin  2, 
and  one  downward  at  pin  3.  The  lines  marked 
ab,  cd,  and  ef  are  the  lines  of  action  of  the  forces 
respectively;  the  vectors  AB,  CD,  and  EF  (drawn 
where  convenient  but  of  proper  length  and  direc- 
tion) represent  the  magnitudes  and  directions  of 
the  forces.  The  scheme  of  notation  here  used  — 
two  lower-case  letters  on  opposite  sides  of  the  line 
of  action  of  a  force,  and  the  same  capital  letters 
at  the  ends  of  the  vector  representing  its  value  — 
is  in  common  use.  Any  force  so  marked  is  re- 
ferred to  in  written  statement  by  the  two  capitals 
used;  thus  the  first  force  mentioned  above  would 
be  called  the  force  AB.  The  part  of  the  drawing  in  which  the  lines  of  action 
of  the  forces  and  the  body  (here,  a  derrick-boom)  are  represented  is  called  a 
space  diagram;  the  part  in  which  the  vectors  are  drawn  is  called  a  vector 
diagram.  The  scales  of  these  diagrams  are  of  course  different;  the  lengths  of 
lines  in  the  first  represent  distances,  and  those  in  the  second,  force  magnitudes. 
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Any  number  of  forces  collectively  considered  is  called  a  system  or  a  set 
of  forces.  The  forces  of  a  set  are  called  coplanar  if  their  lines  of  action  are 
in  the  same  plane,  and  nonco planar  if  not  in  the  same  plane:  they  are 
called  concurrent  if  their  lines  of  action  intersect  in  a  point,  and  noncon- 
cur ent  when  they  do  not  so  intersect;  they  are  called  parallel  if  their  lines 
of  action  are  parallel,  and  nonpar allel  if  the  lines  of  action  are  not  parallel. 
Force-sets  are  also  described  in  accordance  with  the  foregoing  definitions; 
thus,  a  concurrent  set,  a  noncoplanar  parallel  set,  etc.,  according  as  the 
forces  of  the  set  are  concurrent,  noncoplanar  and  parallel,  etc.  Force- 
sets  can  be  classified  in  various  ways,  as  below  for  example,  — 

f                   .          f  colinear i 

,  concurrent        <LonparaIlel  . . . .  2 
Coplanar          -i                            r        n  i 

I  aonconcmrent  ^parallel  \  \  [  [  4 

r  concurrent 5 

Noncoplanar    J  nonconcurrent  (parallel      .... .     6 
(_  l^nonparallel  ....     7 

Two  sets  of  forces  acting  on  a  rigid  body  are  said  to  balance,  when  their 
combined  effect  on  the  rest  or  on  the  motion  of  that  body  is  nil,  so  that 
if  the  body  is  at  rest,  for  example,  then  it  would  remain  at  rest  even  if  all 
the  forces  ceased  to  act.  Two  sets  of  forces  acting  on  a  rigid  body  are  said 
to  be  equivalent  if  either  set  would  balance  the  other  set  reversed  (sense  of 
each  force  changed);  or,  what  amounts  to  the  same  thing,  if  each  set  acting 
singly  would  balance  some  other  third  set.  The  resultant  of  a  set  of  forces 
is  the  single  force  which  is  equivalent  to  the  set;  or,  if  no  single  force  is 
equivalent  to  the  set,  then  the  resultant  is  the  simplest  equivalent  set.  The 
resultant  of  a  set  of  forces  acting  on  a  rigid  body  consists  always  of  a  single 
force  or  of  two  forces  (proved  later).  Having  given  a  set  of  forces,  the  process 
of  finding  a  simpler  equivalent  set  is  called  composition  of  the  given  set.  The 
component  of  a  given  force  is  any  one  of  a  set  which  is  equivalent  to  that 
force.  Having  given  a  force,  the  process  of  finding  a  set  equivalent  to  that 
force  is  called  resolution  of  the  force. 

The  anti-resultant  of  a  set  of  forces  is  the  reversed  resultant  of  the  set.  The 
equilibrant  of  a  set  of  forces  is  the  single  force,  or  pair  of  forces  if  necessary, 
which  could  balance  the  set.  Obviously  the  anti-resultant  and  the  equilibrant 
of  a  set  are  identical. 

-   1 
3.  Parallelogram  and  Triangle  of  Forces 

The  parallelogram  and  the  triangle  of  forces  are  names  of  certain  methods 
for  determining  (a)  the  resultant  of  two  given  concurrent  forces,  and 
(b )  two  concurrent  components  of  a  given  force. 

§  1.  Composition  of  Two  Concurrent  Forces. — Parallelogram  Law. — 
If  two  forces  acting  upon  a  rigid  body  be  represented  by  lines  OA  and  OB, 
then  their  resultant  is  represented  by  the  diagonal  OC  of  the  parallelogram 
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OABC.  For  example,  take  the  two  forces  applied  to  the  cap  of  the  boom 
of  Fig.  3  at  points  i  and  2,-  their  value  being  2  and  1.2  tons  respectively, 
let  us  suppose.  Extending  the  lines  of  action  to  their  intersection  0 
(Fig.  4),  then  making  OA  =  2  tons  and  OB  =  1.2  tons  according  to  some 
convenient  scale,  and  completing  the  parallelogram,  we  get  OC,  and  ac- 
cording to  the  law,  this  line  represents  the  resultant  completely;  that  is, 
the  magnitude  of  the  resultant  is  OC  =2.2  tons,  the  line  of  action  of 
the  resultant  is  colinear  with  OC,  and  the  sense  of  the  resultant  is  from 
OtoC. 

The  law  can  be  verified  by  means  of  the  apparatus  shown  in  Fig.  5.  It 
consists  of  a  drawing  board  mounted  in  a  vertical  position,  two  pulleys,  a 
spring  balance,  two  weights,  some  cord,  and  a  small  ring.  When  the 
weights  Wi  and  W%  are  suspended  somewhat  as  shown,  then  the  ring  is 
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subjected  to  three  forces:  pull  Pi  =  Wh  pull  P2  =  W2,  and  an  upward 
pull  P3,  the  magnitude  of  which  is  indicated  by  the  spring  balance.  Since 
P3  is  the  equilibrant  of  Pi  and  P2,  the  resultant  of  P\  and  P2  is  equal  and 
opposite  to  and  colinear  with  P3.  It  remains  now  to  ascertain  whether  a 
construction  for  the  resultant  of  Pi  and  Pi  according  to  the  parallelogram 
law  will  represent  a  force  equal  and  opposite  to  and  colinear  with  P3.  So 
we  lay  off  OA  and  OB  on  the  board,  just  under  the  strings,  equal  to  Pi 
and  P2,  and  complete  the  parallelogram  OABC;  then  measure  OC  and  com- 
pare its  direction  with  P3.  We  find  that  OC  equals  P3  (by  scale),  and  is 
colinear  with  P3. 

To  test  the  law  for  forces  having  different  points  of  application,  the 
apparatus  shown  in  Fig.  6  might  be  used;  it  consists  of  a  tub  of  water, 
a  floating  drawing  board,  three  smoothly  running  pulleys,  three  weights 
(Wi,  W2,  and  W3),  and  three  cords.  Nails  are  driven  into  the  drawing 
board  at  any  points  iVi,  N2,  and  N3;  the  weights  are  then  suspended  by 
cords  passing  over  the  pulleys,  and  tied  to  the  nails  as  shown;  then  if 
each  weight  is  less  than  the  sum  of  the  other  two,  the  board,  if  not  too 
large,  will  move  about  and  assume  a  position  of  rest  without  touching 
the  tub.  In  such  position,  the  forces  acting  on  the  board  are  its  weight 
(or  gravity),  pressure  of  the  water,  and  the  three  pulls   (Pi,  P2,  and  P3) 
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practically  equal  to  Wh  W2,  and  W3  respectively.  Obviously  the  first  two 
forces  balance  each  other;  therefore  the  three  pulls  also  balance,  and  so 
the  resultant  of  Pi  and  P2  is  equal  and  opposite  to  and  colinear  with  P3. 
We  next  determine  the  resultant  R  of  Pi  and  P2  by  the  parallelogram  law: 
extend  the  lines  of  action  of  the  pulls  Px  and  P2  to  their  intersection  O; 
from  there  lay  off  OA  and  OB  equal  (by  some  convenient  scale)  to  Pi  and 
P2;  complete  the  parallelogram  OABC.  Then  OC  represents  R;  on  compari- 
son it  will  be  found,  as  before,  that  OC  is  equal  and  opposite  to  and  colinear 
with  P3,  and  hence  OC  does  represent  the  magnitude  and  line  of  action  of 
R.  Since  P3,  and  hence  R,  passes  through  0  (the  intersection  of  Pi  and 
P2),  this  experiment  emphasizes  the  fact  that  the  line  of  action  of  the  re- 
sultant of  two  concurrent  forces  passes  through  their  point  of  concurrence. 
The  point  of  application  of  R  might  of  course  be  taken  anywhere  in  OC  or 
its  extension;  for,  so  taken,  R  obviously  would  balance  P3.* 

The  Triangle  Law.  —  If  two  concurrent  forces  acting  on  a  rigid  body  be 
represented  in  magnitude  and  direction  by  AB  and  BC,  then  their  resultant 
is  represented  in  magnitude  and  direction  by  the  side  AC  of  the  triangle 

*  By  using  accurate  apparatus  the  foregoing  tests  for  verifying  the  parallelogram  law 
can  be  made  very  accurately.  Such  verifications  are  as  satisfying  to  many  students  as 
"  mathematical  proof."  What  about  such  proof?  Some  writers  assert  that  the  law  is 
fundamental,  and  not  susceptible  of  deduction  from  anything  more  simple  and  obvious 
than  the  law  itself.  Butmany  deductions  or  proofs  have  been  proposed.  All  necessarily 
depend  upon  one  or  more  axioms  or  statements  whose  truth  is  justified  by  experience.  We 
give  a  proof  based  upon  a  principle  of  moments  (Art.  5)  which  most  students  readily 
grant  as  axiomatic  or  justified  by  their  experience.  The  principle  is  that  the  moment  of 
the  resultant  of  two  concurrent  forces  about  any  point  in 
their  plane  equals  the  algebraic  sum  of  the  moments  of  the  E/. 

two  forces  about  the  same  point.     Let  P  and  Q  denote  the  /        ~~  --,_  , 

two  concurrent  forces  and  R  their  resultant.     Suppose  that  Br- — Jiyjfc 

P  and  Q  act  in  OA  and  OB  respectively  (Fig.  7)  —  the  J\  \  / 

body  upon  which  they  act  is  not  represented  —  and  let  the  A  [       \    y/ 

lengths  OA  and  OB  represent  the  magnitudes  of  the  forces  /     J         /£  / 

P  and  Q  to  some  scale,  that  is  OA  -5-  OB  =  P  +  Q.     OABC  /      \/  I 

is  a  parallelogram,  and  CD,  CE,  BF,  and  BG  respectively        /    /]  / 

are  perpendicular  to  OA,  OB,  OA,  and  OC.     Now  the  mo-     J/     \T  / 

ments  of  P  and  Q  about  0  equal  zero;  it  follows  from  the     0  PAD 

principle  of  moments  that  the  moment  of  R  about  0  equals  pIG    7 

zero  also,  and  hence  the  line  of  action  of  R  passes  through 

0.  Now  the  area  of  the  parallelogram  is  OA  X  CD;  also  OB  X  CE.  Hence,  OA  -r-  OB 
=  CE  +  CD;  and  P  -h  Q  =  CE  +  CD,  or  P  X  CD  =  Q  X  CE;  [that  is,  the  moments 
of  P  and  Q  about  C  are  equal.  But  these  two  moments  are  opposite  in  sign,  and  so  their 
algebraic  sum  equals  zero.  It  follows  from  the  principle  of  moments  that  the  moment 
of  R  about  C  equals  zero,  and  hence  the  line  of  action  of  R  passes  through  C.  The  moments 
of  P,  Q,  and  R  about  B  are  respectively,  P  X  BF,  o,  and  R  X  BG;  then,  according  to  the 
principle  of  moments,  R  X  BG  =  P  X  BF,  or  R  -=-  P  =  BF  -r-  BG.  The  area  of  the  paral- 
lelogram is  OC  X  BG;  also  OA  X  BF.  Hence,  OC  -i-  OA  =  BF  +  BG;  and  from  the  last 
proportions  R  -J-  P  =  OC-i-  OA;  that  is, OC  represents R  according  to  the  same  scale  that 
OA  represents  P. 
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ABC.  For  example,  let  two  forces  of  2  and  1.2  tons  be  applied  at  1  and  2 
(Fig.  8)  as  shown.  If  AB  and  BC  be  drawn  anywhere  in  the  directions 
of  these  forces,  and  AB  and  BC  be  made  equal  to  the  forces  respectively, 

then  AC  gives  the  magnitude  and  the  direction  of  the 
resultant;  the  line  of  action  of  the  resultant  is  ac, —  par- 
allel to  AC  and  concurrent  with  the  given  forces. 

The  resultant  of  two  concurrent  forces  can  be  deter- 
mined without  a  scale  drawing  of  a  triangle  or  parallelo- 
gram. We  sketch  the  triangle  of  forces  roughly,  and  then 
solve  the  triangle  for  the  length  and  direction  of  the  side 
representing  the  resultant.  For  example,  let  the  forces  P 
and  Q  (Fig.  9)  *  equal  100  and  150  pounds  respectively, 
and  the  angle  <f>  between  them  be  60  degrees;  required, 
their  resultant  R.  Roughly,  ABC  is  the  triangle  for  the 
forces,  AC  representing  the  magnitude  and  direction  of 
R,  and  the  angle  ABC  =  1800  -  6o°  =  1200.  Then  from 
the  trigonometry  of  the  triangle,  R2  =  ioo2  +  1502  —  2  X  100  X  150  cos  1200 
=  47,500,  or  R  =  218.3;  also  SU1  CAB/sin  1200  =  150/R,  or  CAB  (the  angle  a 
between  R  and  P)  =  360  35'.  Employing  the 
foregoing  method,  the  following  general  form- 
ulas may  be  worked  out  for  determining  the 
magnitude  and  direction  of  the  resultant,  — 

R2  =  p2  _|_  Q2  +  2  pQ  cos  «£; 

sin  a  =  sin  0  •  Q/R,  and  sin  /3  =  sin  <f>  •  P/R, 

where  <£,  a,  and  /3  are  the  angles  marked  in  Fig.  9.  When  the  two  forces 
P  and  Q  are  at  right  angles  to  each  other  (<£  =  90  degrees) ,  then 


Fig.  8 


R* 


P2  +  Q2,     and      tan  a  =  Q/P. 


§  2.  Resolution  of  a  Force  into  Concurrent  Components  can  be 
accomplished  by  applying  the  triangle  or  parallelogram  law  inversely.  Thus, 
let  it  be  required  to  resolve  the  force  F  (Fig.  10)  into  two  components.  We 
draw  AB  anywhere  equal  (by  some  scale)  and  parallel  to  F;  join  any  point  C 
with  A  and  B,  and  draw  lines  through  any  point  in  ab  parallel  to  AC  and 
BC;  then  AC  and  CB  represent  the  magnitudes  and  directions,  ac  and  cb 
the  lines  of  action  of  two  forces  equivalent  to  F,  that  is,  components  of  F. 
For  the  resultant  of  these  two  component  forces  is  F,  as  shown  by  the  tri- 

*  For  convenience  and  clearness  of  figure,  a  subdivided  square  (or  rectangle)  will  herein- 
after represent  a  machine,  or  structure  (derrick-boom,  bridge,  etc.),  on  which  the  forces 
under  discussion  act.  If  he  prefers,  the  student  might  regard  the  subdivided  square  as 
representing  a  drawing  board  or  some  other  definite  object  suggested  by  the  square.  It 
is  important  that  he  should  have  in  mind  the  fact  that  forces  act  only  on  material  things 
(bodies),  and  that  the  lines  of  action  of  the  forces  represented  in  any  given  figure  are 
definitely  related  to  the  body  on  which  the  forces  act. 
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angle  law  applied  directly.  Since  C  was  taken  at  random,  it  is  plain  that  a 
given  force  can  be  resolved  into  many  different  pairs  of  components. 

If  conditions  be  imposed  on  the  components,  the  resolution  is  more  or 
less  definite.  Thus,  let  it  be  required  to  resolve  F  (Fig.  n),  equal  to  350 
pounds,  into  two  components,  one  of  which  must  act  along  the  left-hand  edge 
of  the  board  and  the  other  through  the  lower  right-hand  corner.  Since  the 
three  forces  must  be  concurrent,  the  second  component  must  act  through 
point  1;  so  we  make  AB  equal  and  parallel  to  F  and  draw  from  A  and  B 
lines  parallel  to  the  two  components;  then  AC  and  CB  represent  the  values 
(200  and  320  pounds  respectively)  and  the  directions  of  the  components. 

An  important  case  of  resolution  is  that  in  which  the  components  are  at 
right  angles  to  each  other.  Each  is  called  a  rectangular  component  or  re- 
solved part  of  the  force.  Rectangular  components  can  generally  be  com- 
puted more  easily  than  by  geometrical  construction.  Let  F  (Fig.  12)  be 
the  given  force  to  be  resolved  into  horizontal  and  vertical  components,  the 
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angles  between  F  and  the  components  being  a  and  /3  respectively.  From 
ABC,  a  sketch  of  the  triangle  of  resolution,  not  necessarily  a  scale  drawing, 
it  is  plain  that  the  desired  components  equal  F  cos  a  and  F  cos  /3  respectively. 
And  always 


the  rectangular  com- 
ponent of  a  force 
along  any  line 


rthe  cosine  of  the 
fthe  magnitude  1  ,    , 

1  -*  ^  *™       I X  }  acute  angle  between 

Uhe  force  and  that  line. 


lof  the  force 


The  components  of  a  force  along  two  rectangular  coordinate  axes  x  and  y 
are  called  the  x  and  y  components  of  the  force  respectively;  they  will  be 
denoted  by  Fx  and  Fy. 


4.   Composition  of  Concurrent  Forces 

In  the  preceding  article  we  showed  how  to  determine  the  resultant  of  two 
concurrent  forces;  in  this  article  we  show  how  to  determine  the  resultant 
of  any  number  of  such  forces. 

§  1 .  Coplanar  Forces.  —  Graphical  method.  By  means  of  the  paral- 
lelogram or  triangle  of  forces  (Art.  3)  find  the  resultant  R'  of  any  two  of 
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the  forces  of  the  given  set;  then  find  the  resultant  R"  of  any  other  given 
force  and  R';  then  the  resultant  of  another  given  force  and  R";  and  so  on 
until  the  resultant  of  all  is  found.  Thus,  suppose  that  the  resultant  of  F\, 
F2,  Fz,  and  F4  (Fig.  13)  is  required:  Taking  the  given  forces  in  the  order 
in  which  they  are  numbered,  say,  we  first  draw  AB  parallel  to  F\  and  equal 
to  F\  by  some  convenient  scale,  then  BC  in  the  direction  of  and  equal  to 
F2;  then  AC  gives  the  magnitude  and  direction  of  R',  the  line  of  action  of 
R'  passing  through  O  parallel  to  AC.    Next  we  draw  CD  in  the  direction  of 
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F3  and  equal  to  F3;  then  AD  gives  the  magnitude  and  direction  of  R",  the 
line  of  action  of  R"  passing  through  0  parallel  to  AD.  Next  we  draw  DE 
in  the  direction  of  and  equal  to  F4;  then  AE  gives  the  magnitude  and 
direction  of  R'",  the  line  action  of  R'"  passing  through  0  parallel  to  AE. 
Of  course  the  lines  AC,  AD,  R',  and  R"  are  not  really  essential  to  the  solu- 
tion; they  were  drawn  here  and  referred  to  only  for  explanatory  purposes. 
The  force  polygon  for  a  set  of  forces  is  the  figure  formed  by  drawing  in 
succession  and  continuously  lines  which  represent  the  magnitudes  and 
directions  of   those  forces.    A   force   polygon   is   not   necessarily  a   closed 


Fig.  14 

figure;  thus  ABCDE,  not  including  EA,  is  a  force  polygon  for  Fh  F2,  F3)  and 
Fi.  Many  force  polygons  can  be  drawn  for  a  given  set  of  forces,  as  many 
as  there  are  orders  of  taking  the  forces;  if  there  are  n  forces  in  the  set,  then 
1  •  2  •  3  •  •  •  »n  different  force  polygons  can  be  drawn.  In  Fig.  14  ad- 
ditional polygons  ABCDE  are  shown  for  Fh  F2,  Fs,  and  Fi  of  Fig.  13;  the 
lines  AE  represent  the  magnitude  and  direction  of  R.  The  bare  con- 
struction for  determining  the  resultant  of  a  set  of  concurrent  forces  can  now 
be  stated  thus:  Draw  a  polygon  for  the  forces;  join  the  beginning  and  the 
end  of  the  polygon,  and  draw  a  line  through  the  point  of  concurrence  of 
the  given  forces  parallel  to  the  joining  line;  the  joining  line,  with  arrow- 
head pointing  from  the  beginning  to  end  of  the  force  polygon,  represents 
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the  magnitude  and  direction  of  the  resultant,  and  the  other  line  its  line  of 
action. 

Algebraic  Method.  —  Choose"a  pair  of  rectangular  axes  of  resolution,  which 
let  us  call  x  and  y  axes,  with  origin  at  the  point  of  concurrence  of  the  forces 
to  be  compounded;  then  resolve  each  force  into  its  x  and  y  components 
at  the  origin,  and  imagine  it  replaced  by  them;  the  resulting  system  consists 
of  forces  in  the  x  and  in  the  y  axes;  next  find  the  resultant  of  the  forces  act- 
ing in  the  x  axis,  and  the  resultant  of  those  acting  in  the  y  axis;  finally,  get 
the  resultant  of  these  two  rectangular  resultants;  this  is  the  resultant  sought. 
For  example,  let  it  be  required  to  determine  the  resultant  of  the  six  forces 
acting  upon  the  4  foot  board  shown  in  Fig.  15.  The 
computations  in  outline  are  scheduled  below.  The 
values  of  the  angles  which  the  several  forces  make 
with  the  horizontal  were  computed  from  dimensions  in 
the  figure;  the  sum  of  the  x  components  is  +  3.40^ 
and  that  of  the  y  components  is  —7.22  pounds.  The 
signs  of  the  sums  indicate  respectively  that  the  x  com- 
ponent of  the  resultant  R  acts  toward  the  right  and 
the  y  component  downward;  hence  the  resultant  acts 
to  the  right  and  downward.  The  angle  which  R  makes  with  the  horizontal 
is   tan-1    (7.22  -4-  3.40  =  2.123)  =  640  47'.      The  value  of  the  resultant  is 

R  =  V3402  +  7-222  =  7.98  pounds. 
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§  2.  Noncoplanar  Forces.  —  Before  showing  how 
to  find  the  resultant  of  any  number  of  such  forces,  we 
explain  (1)  how  to  find  the  resultant  of  three  rectangular 
concurrent  forces  (lines  of  action  at  right  angles  to  each 
other),  and  (2)  how  to  resolve  a  force  into  three  nonco- 
planar rectangular  components. 

(1)  If  three  noncoplanar  concurrent  forces  acting  on  a 
rigid  body  be  represented  by  OA,  OB,  and  OC,  then  their 
resultant  is  represented  by  the  diagonal  OD  of  the  par- 
allelopiped  OA BC  (Fig.  16).  (This  is  called  the  parallel- 
0 piped  law,  and  OABC  is  called  a  parallelopiped  of  forces.)  For,  according 
to  the  parallelogram  law,  OC  represents  the  resultant  of  two  of  the  forces  OA 


Fig.  16 
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and  OB,  and  OD  represents  the  resultant  of  OC  and  the  third  force  OC,  and 
(hence,  also)  the  resultant  of  the  three  given  forces.  This  law  leads  to  a 
simple  algebraic  method  for  finding  the  resultant  when  the  three  forces  are 
rectangular  (at  right  angles  to  each  other).  Thus,  let  Fh  F2,  and  F3  (Fig.  17) 
be  the  three  forces,  R  their  resultant,  and  0i,  02,  and  d3  the  angles  between  R 
and  the  forces  respectively;  then 

R*  =  F,2  +  F22  +  F32, 

cos  0i  =  Fi/R,     cos  02  =  F2/R,      cos  03  =  F3/R- 

For  the  resultant  of  Fi  and  F2  (represented  by  OC,  Fig.  17)  equals 
(Fi2+F22)l,  and  hence  R2  =  (Fi2  +  F22)  +  F82;  also  the  triangles  ODA, 
ODB,  and  ODC  are  right-angled  at  A,  B,  and  C  respectively,  and  hence 
cos  0i  =  OA/OD  =  Fx/R,  cos  02  =  OB/OD  =  F2/R,  etc. 

(2)  A  force  can  be  resolved  into  three  noncoplanar  concurrent  forces  by 
applying  the  parallelopiped  law  inversely.  Thus,  let  OD  (Fig.  18)  represent 
the   given   force  F;   first,  construct  any  parallelopiped   of   which  OD  is  a 


Fig.  17 


Fig.  18 


Fig.  19 


diagonal;  then  the  three  edges  intersecting  at  0  represent  forces  equivalent 
to  the  given  force  because  the  resultant  of  these  three  forces  is,  according 
to  the  parallelopiped  law,  represented  by  OD.  Inasmuch  as  many  paral- 
lel opipeds  can  be  constructed  on  OD  as  diagonal,  many  sets  of  three  forces 
equivalent  to  the  given  force  can  be  found. 

The  practical  case  is  resolution  into  components  along  three  definite 
rectangular  axes;  then  there  is  only  one  set  of  components.  The  com- 
ponents may  be  found  quite  simply  by  an  algebraic  method:  thus,  let  F 
(Fig.  19)  be  the  force  to  be  resolved,  a,  /3,  and  7  the  angles  between  F  and 
the  axes,  and  Fx,  Fy,  and  Fz  the  x,  y,  and  z  components  respectively;  then, 
since  OX,  OY,  and  OZ  are  projections  of  OD  on  the  rectangular  axes, 

Fx  =  F  cos  a,      Fy  =  F  cos  0,      Fz  =  F  cos  7. 

Sometimes  the  direction  of  the  force  F  to  be  resolved  is  given  by  means  of 
two  angles,  one  being  the  angle  between  F  and  one  of  the  desired  compo- 
nents, and  the  other  being  the  angle  which  the  projection  of  F  on  the  plane 
of  the  other  two  components  makes  with  one  of  those  two,  as  for  instance 
a  and  <$>  (Fig.  19).     Then  F  may  be  resolved  best  in  this  way:  first,  resolve 
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it  into  two  components  F  cos  a  (along  the  x  axis)  and  F  sin  a  (in  the  plane  of 
the  y  and  z  axes),  and  then  resolve  F  sin  a  into  components  along  the  y 
and  2  axes,  that  is,  F  sin  a  sin  </>  and  i7  sin  a  cos  0. 

^4»y  number  of  noncoplanar  concurrent  forces  can  be  compounded 
graphically  by  means  of  their  force  polygon,  but  this  method  is  not  practi- 
cable generally,  because  the  polygon  is  not  a  plane  one;  however,  it  could 
be  drawn  in  "  plan  and  elevation  "  so  as  to  furnish  the  resultant  sought. 
The  algebraic  method  is  preferable;  it  is  carried  out  as  follows:  First, 
select  three  rectangular  axes  of  resolution  (here  called  x,  y,  and  z),  with 
origin  at  the  point  of  concurrence  of  the  forces  to  be  compounded;  next 
resolve  each  force  into  its  x,  y,  and  z  components,  and  imagine  it  replaced 
by  them,  thus  arriving  at  a  set  consisting  of  forces  acting  in  the  axes;  then 
find  the  resultants  of  the  forces  in  the  x,  in  the  y,  and  in  the  z  axis;  finally, 
compound  these  three  resultants,  thus  finding  the  resultant  sought. 

For  example,  let  it  be  required  to  determine  the  resultant  of  the  four 
forces  acting  on  a  4  foot  cube  (Fig.  20).  The  forces  are  concurrent  at  0; 
the  10  and  the  15  pound  forces  act  through  quarter 
points  of  certain  edges  as  shown.  The  x,  y,  and  z 
components  of  the  18  and  40  pound  forces  are  ob- 
viously as  scheduled  adjoining.  Since  the  15  pound 
force  is  perpendicular  to  the  x  axis,  its  x  component 
equals  zero;  and  since  the  angle  which  that  force 
makes  with  the  z  axis  =  tan-1  f  =  360  52',  its  y 
and  z  components  are  15  sin  360  52'  =  9,  and  15 
cos  360  52'  =  12  pounds  respectively  as  scheduled. 
The  components  of  the  10  pound  force  were  de- 
termined as  follows:  Since  Ya  =  5  and  YO  =  4  feet,  the  angle  which  the 
10  pound  force  makes  with  the  y  axis  is  tan-1  f  =  51°  20';  the  y  component 
of  the  force  equals  10  cos  510  20'  =  6.25  as  scheduled,  and  the  other  rec- 
tangular component  (in  the  zx  plane)  equals  10  sin  510  20'  =  7.81  pounds. 
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The  angle  which  this  component,  acting  in  Ob,  makes  with  the  z  axis  equals 
tan-1  §  =  360  52';  hence  the  *  and  z  components  of  the  10  pound  force 
equal  respectively  7.81  sin  360  52',  or  4.69,  and  7.81  cos  360  52',  or  6.25 
pounds.     The  value  of  the  resultant  is 

R  =  Vi3.3i2-f  15.252+  21.7s2  =  29-7  pounds. 
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The  signs  of  the  sums  of  the  x,  y,  and  z  components  show  that  the  result- 
ant R  acts  toward  the  right,  downwards  and  forward.  Its  angles  with  the 
x,  y,  and  z  axes  are  respectively:  cos-1  (13.31  -5-  29.7)  =  630;  cos-1  (15.25  ■*■ 
29-7)  =  59°;  cos"1  (21.75  "*-  29-7)  =  43°. 


5.   Moment  of  a  Force;  Couples 


Fig.  21 


§  1.  The  Moment  or  Torque  of  a  force  with  respect  to  a  point  is  the 
product  of  the  magnitude  of  the  force  and  the  perpendicular  distance  be- 
tween its  line  of  action  and  the  point.  The  perpendicular  distance  is  called 
the  arm  of  the  force  with  respect  to  that  point,  and  the  point  is  called  an 
origin  or  center  of  moments.  Experience  suggests  the  notion  that  the 
moment  of  a  force  with  respect  to  a"  point  is  a  measure  of  the  tendency  of 
the  force  to  rotate  the  body  about  a  line  through  the  point  and  perpen- 
dicular to  the  plane  of  the  force  and  the  point.  Such  a  notion  can  be 
verified  quite  accurately  by  means  of  a  simple  apparatus  represented  in 
Fig.  21.      It  consists  of  a  board  mounted  on  a  horizontal  shaft,  a  heavy  body, 

and  the  pail  ]  which  can  be  suspended  from  the 
board;  the  shaft  rests  in  ball  bearings  so  that 
practically  no  resistance  to  turning  is  exerted 
at  the  shaft;  the  board,  without  the  body  and 
the  pail,  is  well  balanced  so  that  gravity  would 
not  cause  it  to  turn  from  any  position.  Now, 
let  the  pail  containing  shot  be  hung  from  B,  C,  D, 
etc.,  in  succession,  the  amount  of  shot  being 
taken  so  that  the  heavy  body  will  be  supported,  OA  not  being  horizontal 
necessarily.  Then  in  each  case  the  turning  effect  of  the  pull  at  B,  C,  or 
D  equals  the  turning  effect  of  the  pull  at  A ;  hence  the  turning  effects  of 
the  pulls  at  B,  C,  D,  etc.,  are  equal.  And  if  the  moments  of  these  pulls 
(several  weights  of  pail  and  shot)  about  O  be  computed,  then  those  mo- 
ments will  be  found  equal  too,  and  therefore  moments  are  measures  of  turn- 
ing effects. 

It  follows  from  the  definition  of  moment  that  the  unit  moment  is  that  of 
a  unit  force  whose  arm  is  a  unit  length.  There  are  no  one-word  names  for 
any  of  these  units  of  moment;  the  units  are  called  foot-pound,  inch- ton,  etc., 
according  as  the  unit  length  and  force  are  the  foot  and  the  pound,  the  inch 
and  the  ton,  etc. 

In  a  discussion  involving  the  moments  of  several  forces,  it  is  generally 
convenient  to  give  signs  to  the  moments  to  indicate  the  directions  (clock- 
wise or  anticlockwise)  in  which  the  several  forces  turn  or  tend  to  turn 
the  body  to  which  they  are  applied  about  the  origin  in  question.  In  this 
book,  clockwise  rotation  is  regarded  as  negative  and  anti  as  positive,  and 
rotations  are  supposed  to  be  viewed  from  the  reader's  side  of  the  printed  page; 

*  See  Art.  8  also. 
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thus  the  moment  of  the  200  pound  force  (Fig.  22)  about  O  is  positive  and 
about  A  negative. 

Principles  of  Moments.  —  If  two  sets  of  coplanar 
forces  are  equivalent  (Art.  2),  then  the  moment-sum  * 
for  one  set  with  respect  to  any  point  equals  that  for 
the  other  with  respect  to  the  same  point.  This  will 
be  granted  as  self-evident  by  most  students;  others 
may  be  convinced  by  this:  Let  Si  and  S2  denote  the 
two  equivalent  sets,  and  S3  a  third  set  (coplanar  with 
Si  and  S2)  which  could  balance  Sh  and  hence  also  S2. 
Since  Si  and  S3  would  balance,  they  together  would  not 
turn  the  body  on  which  they  act  about  any  line;  hence  the  moment-sums  for 
Si  and  S3  with  respect  to  any  point  0  in  the  plane  are  equal  in  value  but 
opposite  in  sign.  Likewise,  the  moment-sums  for  S2  and  S3  with  respect  to 
0  are  equal  in  value  but  opposite  in  sign.  Therefore  the  moment-sums  for 
Si  and  S2  with  respect  to  O,  being  equal  to  the  same  thing,  are  equal. 
It  follows  from  the  foregoing  principle  that  the  moment-sum  for  any  set  of 
coplanar  forces  with  respect  to  any  point  in  their  plane  equals  the  moment  of 
their  resultant  with  respect  to  that  point.  Also,  the  moment  of  a  force  with 
respect  to  a  point  equals  the  moment-sum  of  its  components  with  respect 
to  the  same  point,  the  components  to  be  coplanar  with  the  given  force  and 
the  point. 

When  the  moment  of  a  force  about  a  certain  point  must  be  computed, 
and  the  arm  of  the  force  with  respect  to  that  point  cannot  be  easily  de- 
termined, then  the  desired  moment  can  be  computed,  more  easily  perhaps, 
from  components  of  the  force,  by  aid  of  the  preceding  principle.  Thus, 
let  it  be  required  to  compute  the  moment  of  the  100  pound  force  (Fig. 
22)  about  0.  The  horizontal  and  vertical  components  of  the  force  are 
respectively,  86.6  and  50  pounds;  imagining  them  applied  at  A  makes 
their  arms  3  and  4  feet  respectively,  hence  the  desired  moment  equals 
—  (86.6  X  3)  —  (50  X  4)  =  —  459.8  foot-pounds.  Sometimes  the  components 
can  be  applied  (in  imagination)  so  that  one  passes  through  the  origin  of 
moments;  then  its  moment  equals  zero  and  the  desired  moment  equals  the 
moment  of  the  other  component.  Thus  the  horizontal  and  vertical  compo- 
nents of  the  200  pound  force  equal  89.4  and  178.8  pounds  respectively; 
imagining  them  applied  at  C,  their  arms  are  o  and  3  feet,  and  so  the  desired 
moment  equals  178.8  X  3  =  536.4  foot-pounds. f 

*  "  Moment-sum  "  means  the  algebraic  sum  of  the  moments  of  the  forces  of  a  system. 

t  Some  writers  regard  the  parallelogram  law  (for  forces)  as  fundamental,  and  deduce 
the  principle  of  moments  from  the  law.  We  give  such  a  deduction  of  the  principle  for  two 
forces,  —  namely,  the  moment  of  the  resultant  of  two  concurrent  forces  about  any  point  in 
their  plane  equals  the  algebraic  sum  of  the  moments  of  the  forces  about  the  same  point 
(Varignon's  theorem).  The  theorem  can  be  extended  easily  to  any  number  of  coplanar 
forces,  thus  proving  the  principle. 

Let  P  and  Q  (Fig.  24)  be  two  concurrent  forces  acting  —  on  a  body  not  shown  —  in 
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§  2.    Couples  (see  also  Art.  8).  —  Two  equal  and  parallel  forces  which 
are  opposite  in  sense  may  advantageously  be  considered  together;  so  con- 
sidered, they  are  called  a  couple.     By  arm  of  the  couple  is  meant  the  per- 
pendicular distance  between  the  lines  of  action  of  the  forces;   by  plane  of 
the  couple  is  meant  the  plane  of  those  lines  of  action.     The 
moment  or  torque  of  the  couple  about  any  point  in  the  plane  of 
the  couple  is  the  algebraic  sum  of  the  moments  of  the  forces 
about  that  same  point.    This  sum,  or  moment,  including  the 
sign,  is  the  same  for  all  origins  in  the  plane.     For,  let  F  and  F 
(Fig.  23)  be  the  forces  of  the  couple,  AB  being  the  arm;  then 
the  moments  of  the  couple  with  respect  to  the  origins  a,  b,  and 
c  are  respectively:   -  F{Aa)  +  F(Ba)  =  F(AB);   -f  F(Ab)  - 
F(Bb)  =  F(AB);  and  +  F(Ac)  +  F(Bc)  =  F(AB).     Since  a,  b, 
and  c  represent  all  possible  origins,  the  proposition  is  proved. 
Since  the  origin  of  moments  is  immaterial,  no  reference  is  made  to  it  in 
speaking  of  the  moment  of  a  couple.     Moreover,  the  value  of  the  moment  is 
computed  more  simply  than  as  stated  in  the  definition,  by  multiplying  the 
common  magnitude  of  the  forces  and  the  arm  of  the  couple.    As  just  shown, 
the  moment  of  the  couple  FF  is  positive;  that  is,  the  couple  would  turn  the 
body,  if  free,  counterclockwise  about  any  axis  perpendicular  to  the  plane  of 
the  couple;  obviously,  the  moment  of  the  couple  GG  is  negative.    Sense  of  a 
couple  refers  to  the  way  in  which  the  couple  would  turn  a  body;  thus  we 
speak  of  a  clockwise  sense  or  a  counterclockwise  sense. 

Two  coplanar  couples  whose  moments  (including  sign)  are  equal  are 
equivalent.  The  following  proof  is  in  two  parts;  namely,  (1)  when  the 
four  forces  of  the  couples  are  nonparallel,  and  (2)  when  they  are  paral- 
lel. (1)  Let  PiP2  (Fig.  25)  be  one  given  couple,  and  Q1Q2  the  other,  their 
arms  being  p  and  g  respectively;  then  Pp  =  Qq.  We  will  show  that  the 
P  couple  would  balance  the  reversed  Q  couple;  it  will  follow  that  the 
given  couples  are  equivalent.  The  area  of  the  parallelogram  A  BCD  = 
ADp  =  ACg;  therefore,  since  Pp  =  Qq,  AD/ AC  =  P/Q.  That  is,  the  sides 
of  the  parallelogram  represent  the  forces  P  and  Q;   and  so  the  diagonal 


the  lines  OA  and  OB  respectively,  and  let  R  be  their 
resultant.  Also,  let  OABC  be  a  parallelogram  for  the 
forces,  D  any  origin  of  moments,  and  a,  0,  and  7  the 
angles  between  OD  and  the  forces  respectively  as 
marked.  Now  P  sin  a,  Q  sin  /3,  and  R  sin  7  are  the 
values  of  the  components  of  P,  Q,  and  R  at  right  angles 
to  OD,  and  it  is  clear  from  the  figure  that  P  sin  a  +  Q 
sin  /3  =  R  sin  7.  Multiplying  through  by  OD,  we 
get  P  •  OD  sin  a  +  Q  •  OD  sin  /3  =  R  •  OD  sin  7.  But 
these  terms  are  the  moments  of  P,  Q,  and  R  respec- 
tively; hence  the  moment  of  R  equals  the  sum  of  the 

moments  of  P  and  Q  as  stated.     When  D  is  between  P  and  Q,  then  a  slight  modification  in 
the  proof  is  necessary. 
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AB  represents  the  resultant  of  Qx  reversed  and  Pi,  and  the  diagonal 
BA  represents  the  resultant  of  Q2  reversed  and  P2.  Since  the  resultants  are 
equaJ,  opposite,  and  colinear  they  balance,  and  so  the  P  couple  and  the 
reversed  Q  couple  balance.  Hence,  etc.  (2)  When  Ph  P2,  Qi  and  Q2  are 
parallel,  and  the  moments  of  the  two  couples  are  equal,  then  each  couple  is 
equivalent  to  some  third  couple,  the  forces  of  which  intersect  Pi,  P2,  Qi, 
and  Q2,  according  to  (1).     Therefore  they  are  equivalent  to  each  other. 

§  3.  A  Force  and  a  Couple.  —  The  resultant  of  a  coplanar  force  and 
couple  is  a  single  force;  the  resultant  is  equal  and  parallel  to  the  force,  and 
its  moment  about  any  point  on  the  given  force  equals  the  moment  of  the 
couple.     Proof  follows: 

Let  F  (Fig.  26)  be  the  given  force,  and  PiP2  the  given  couple.  (If  the 
forces  of  the  given  couple  are  parallel  to  F,  then  imagine  the  couple  shifted 


Fig.  25 


Fig.  26 


until  they  are  not  so  parallel.)  Now  suppose  that  AB  and  BC  represent 
the  magnitudes  and  directions  of  Pi  and  F  respectively;  then  AC  repre- 
sents the  magnitude  and  direction  of  the  resultant  of  those  two  forces. 
(The  line  of  action  of  the  resultant  is  R' ,  parallel  to  AC  and  through  the  in- 
tersection of  Pi  and  F.)  Let  CD  equal  AB;  then  AD  represents  the  magni- 
tude and  direction  of  the  resultant  of  R'  and  P2,  and  hence  of  the  three 
forces  Pi,  F,  and  P2.  But  AD  is  equal  and  parallel  to  BC;  hence  this  final 
resultant  is  equal  and  parallel  to  F.  (The  line  of  action  of  this  final  resultant 
is  R,  parallel  to  BC  and  through  the  intersection  of  R'  and  P2.)  Since  R  is 
equivalent  to  F,  Ph  and  P2,  its  moment  about  any  point  of  F  equals  the  sum 
of  the  moments  of  F,  Ph  and  P2  about  that  point;  but  F  has  no  moment 
about  such  point,  and  hence  the  moment  of  R  equals  the  sum  of  the  moments 
of  Pi  and  P2  (the  moment  of  the  couple). 

It  follows  from  the  foregoing  that  a  force  R  can  be  resolved  into  a  force 
equal  and  parallel  to  R,  and  a  couple  whose  moment  equals  that  of  R  about 
any  point  on  the  component  force.  Thus  the  moment  of  the  couple 
component  depends  on  the  line  of  action  chosen  for  the  force  component. 
Independent  proof  of  this  proposition  follows: 
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Let  R  (Fig.  27)  be  the  force  to  be  resolved,  and  0  a  point  through  which 
the  line  of  action  of  the  force  component  is  to  pass.     First  we  resolve  R 

into  two  concurrent  components,  one  of  which 
passes  through  0;  take  any  point  on  R  (as  a) 
for  the  point  of  concurrence  and  any  direction 
(as  ab)  for  the  line  of  action  of  the  second  com- 
ponent. These  components  we  call  C\  and  C2 
respectively.  To  determine  C\  and  Ci,  we  draw 
AB  to  represent  R,  and  AC  and  BC  parallel 
to  C\  and  d  respectively;  then  AC  —  C\,  and 
CB  =  Ci.  Next  we  resolve  C\  at  0  into  two 
components  parallel  to  Ci  and  R,  which  com- 
ponents we  call  Cz  and  C\  respectively.  To 
determine  Cz  and  d,  we  draw  from  A  a  line 
parallel  to  C3  and  from  C  a  line  parallel  to  d, 
and  so  locate  D;  then  AD  =  Cz,  and  DC  =  d.  Obviously  now  d,  Cz  and 
d  are  equivalent  to  R,  that  is,  they  are  components  of  R;  and  as  required 
d  passes  through  0,  and  C2  and  Cz  (equal,  parallel,  and  opposite)  constitute 
a  couple.  Moreover,  according  to  the  principle  of  moments,  the  moment  of 
R  about  any  point  on  d  equals  that  of 
C2,  Cz,  and  d  about  that  point;  but  the 
moment  of  d  equals  zero,  hence,  etc.* 
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6.   Graphical  Composition  of  Coplanar 
Nonconcurrent  Forces 

§  1 .  First  Method.  —  When  the  forces 
to  be  compounded  are  not  parallel  nor 
nearly  so,  then  we  compound  any  two  of 
the  forces,  next  their  resultant  and  the 
third  force,  that  resultant  and  the  fourth 
force,  and  so  on  until  the  resultant  of  all 
the  forces  has  been  found.  For  example, 
consider  the  forces  acting  on  the  retaining  wall  shown  in  section  in  Fig.  28; 

*  (1)  Composition  of  a  Force  and  a  Couple  and  (2)  Resolution  of  a  Force  -into  a  Force  and 
a  Couple  can  be  performed  also  as  follows  (student  should  supply  figure):  (1)  Replace  the 
couple  by  an  equivalent  couple  whose  forces  equal  the  given  force,  and  place  the  couple  so 
that  one  of  its  forces  is  colinear  with  and  opposite  to  the  given  force.  These  two  forces 
balance;  the  other  force  of  the  new  couple  remains,  and  it  is  the  resultant  sought.  (Study 
of  the  steps  in  the  process  shows  that  the  resultant  force  is  equal  and  parallel  to  the  original 
force,  and  that  the  moment  of  the  resultant  about  a  point  on  the  line  of  action  of  the  original 
force  equals  the  moment  of  the  couple.)  (2)  Apply  two  forces  at  the  given  point  equal  and 
parallel  to  the  given  force  and  opposite  to  each  other.  These  two  forces  along  with  the 
given  force  can  be  grouped  into  a  force  and  a  couple,  and  they  (the  force  and  couple)  are 
the  components  sought.  (Study  of  the  steps  of  the  process  shows  that  the  component 
force  is  equal  and  parallel  to  the  given  force,  and  the  moment  of  the  couple  equals  that  of 
the  given  force  about  the  given  point.) 
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they  consist  of  its  own  weight  (16,000  pounds  per  foot  of  length),  the  earth 
pressure  on  the  back  (6000  pounds),  that  on  the  top  of  the  base  (9000  pounds), 
and  that  on  the  bottom  of  the  base.  The  resultant  of  the  first  three  forces 
will  now  be  determined.  We  draw  AB  and  BC  to  represent  the  6000  and 
the  16,000  pound  forces,  and  then  join  A  and  C;  AC  represents  the  magni- 
tude and  direction  of  the  resultant  of  the  two  forces,  and  the  line  marked 
R'  (parallel  to  AC  and  through  point  1)  is  the  line  of  action  of  that  resultant. 
We  next  draw  CD  to  represent  the  9000  pound  force,  and  join  A  and  D; 
AD  represents  the  magnitude  and  direction  of  the  resultant  of  R'  and  9000 
(and  hence  also  of  the  three  given  forces),  and  the  line  marked  R  (through 
point  2  and  parallel  to  AD)  is  the  line  of  action  of  that  resultant. 

It  may  be  noted  that  the  magnitude  and  the  direction  of  the  resultant  is 
found  just  as  for  concurrent  forces  (Art.  4).  For  nonconcurrent  forces  it 
is  necessary  to  draw  the  lines  of  action  of  the  intermediate  resultants 
(R',  R",  etc.),  in  order  to  find  the  line  of  action  of  the  final  resultant,  lines 
which  are  unnecessary  when  compounding  concurrent  forces. 

When  the  forces  are  parallel  or  nearly  so,  the  foregoing  method  fails 
because  there  is  no  accessible  intersection  of  the  lines  of  action  of  two 
given  forces  through  which  to  draw  the  line  of  action  of  the  first  resultant. 
This  difficulty  can  be  met  as  follows:  Introduce  into  the  given  system 
two  equal,  opposite,  and  colinear  forces,  which  will  not  change  the  resultant, 
taking  their  common  line  of  action  somewhat  across  those  of  the  given 
forces;  then  use  the  first  method,  compounding  first  any  pair  of  forces 
whose  intersection  is  accessible,  etc. 

§  2.  Second  Method,  applicable  to  any  coplanar  forces.  —  We  first  re- 
solve each  force  into  two  concurrent  components,  resolving  in  such  a  way 
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Fig.  29 

that  these  components,  excepting  one  of  the  first  force  and  one  of  the  last 
force,  balance  or  destroy  each  other;  these  two  remaining  components 
are,  in  general,  concurrent,  and  so  we  readily  find  their  resultant,  which  is 
also  the  resultant  of  the  given  forces.  For  example,  let  Fi,  F2,  F3,  and  F4 
(Fig.  29)  be  the  forces  to  be  compounded.  First  we  draw  a  force  polygon 
for  the  given  forces,  taking  them  in  any  convenient  order,  as  ABCDE; 
then  we  take  any  convenient  point  O  as  the  common  vertex  of  the  tri- 
angles of  resolution.  AO  and  OB  represent  two  components  of  Fx  in  mag- 
nitude and  direction,  BO  and  OC  two  components  of  F2,  etc.;    thus  this 
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resolution  gives  several  pairs  of  equal  and  opposite  components,  OB  and 
BO,  OC  and  CO,  OD  and  DO.  The  components  of  Fi  are  taken  to  act 
through  point  i,  those  of  F2  through  2,  those  of  Fs  through  3,  etc.,  the 
first  point,  1,  being  taken  at  pleasure  on  Fh  point  2  where  ob  intersects  F2, 
point  3  where  oc  intersects  Fz,  etc.  Thus  the  components  OB  and  BO  are 
colinear  and  they  balance;  likewise  OC  and  CO,  and  OD  and  DO.  Only  the 
first  and  last  components  AO  and  OE  remain;  their  resultant  is  represented 
by  AE  in  magnitude  and  direction,  and  its  line  of  action  is  ae  (parallel  to 
AE  through  the  intersection  of  ao  and  oe). 

The  common  vertex  of  the  triangles  of  resolution  O  (Fig.  29)  is  the  pole 
of  the  force  polygon;  the  lines  from  the  pole  to  the  vertexes  of  the  force 
polygon,  OA,  OB,  OC,  etc.,  are  rays;  the  line  of  action  of  the  several  forces, 
oa,  ob,  oc,  etc.,  are  strings  which,  considered  collectively,  is  the  string  or 
funicular  polygon  (also  called  equilibrium  polygon,  especially  when  the  given 
forces  are  balanced  or  in  equilibrium).  The  rays  are  sometimes  referred 
to  by  number,  OA  being  the  first,  OB  the  second,  etc. ;  likewise  the  strings. 

In  using  this  second  method,  the  beginner  had  best  reason  out  the  vari- 
ous steps  of  the  construction  somewhat  as  in  the  foregoing.  After  some 
practice  he  might  use  the  following  aids:  (1)  The  two  strings  intersecting 
on  the  line  of  action  of  any  force  are  parallel  to  the  rays  drawn  to  the  ends 
of  that  side  of  the  force  polygon  corresponding  to  that  force,  thus  the  strings 
intersecting  on  be  are  ob  and  oc.  (2)  The  string  which  joins  points  in  the 
lines  of  action  of  any  two  forces  is  parallel  to  the  ray  which  is  drawn  to 
the  common  point  of  the  two  sides  of  the  force  polygon  corresponding  to 
those  forces,  or,  the  string  joining  points  on  be  and  cd  is  parallel  to  OC. 
(3)  The  bare  construction  in  the  second  method  is  simply  this:  Draw  a 
force  and  a  string  polygon  for  the  forces,  then  draw  a  line  from  the  begin- 
ning to  the  end  of  the  force  polygon  and  a  parallel  line  through  the  inter- 
section of  the  first  and  last  strings;  the  first  line  represents  the  magnitude 
and  direction  of  the  resultant  (sense  being  from  the  beginning  to  the  end  of 
the  force  polygon),  and  the  second  line  is  the  line  of  action  of  the  resultant. 

This  second  method  is  not  so  simple  in  principle  as  the  first,  but  in  the 
second  there  is  more  opportunity  for  varying  the  construction  to  keep 
the  drawing  within  convenient  limits;  thus  the  pole  may  be  shifted,  and  the 
starting  point  of  the  string  polygon  may  be  taken  anywhere  on  any  of  the 
given  forces.  Though  many  string  polygons  may  be  drawn  for  a  given  set 
of  forces,  all  determine  the  same  line  of  action  of  the  resultant;  that  is,  the 
intersections  of  the  first  and  last  strings  of  all  string  polygons  lie  on  one 
straight  line,  the  line  of  action  of  the  resultant. 

§  3.  When  the  Force  Polygon  Closes. — It  may  seem,  at  first  thought, 
that  the  resultant  vanishes,  or  is  zero;  in  general,  this  conclusion  would 
be  wrong,  the  system  actually  reducing  to  a  couple.  Thus,  let  F\,  F2,  F3, 
and  Fi  (Fig.  30)  be  a  force-set  whose  force  polygon  ABCDE  closes;  using 
the  first  method  for  compounding,  we  find  that  the  resultant   R"  of  the 
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first  three  forces  is  given  by  AD  in  magnitude  and  in  direction,  and  ad 
is  its  line  of  action;  hence  R"  is  equal,  opposite,  and  parallel  to  Fi}  and  so 
the  given  force-set  reduces  to  a  couple  (R",  F4).  The  arm  of  this  couple  is 
the  perpendicular  distance  between  ^4  and  R" ,  and  so  the  moment  of  the 
couple  is  the  product  of  F4  (or  R")  and  the  arm  (according  to  the  scale 
of  the  space  diagram) ;  the  sense  of  the  couple,  clockwise,  is  apparent  from 
the  relative  positions  and  directions  of  the  forces  of  the  couple  as  seen  in 
the  space  diagram.  In  Fig.  31  the  composition  has  been  made  by  the 
second  method;  the  system  reduces  to  the  two  components  AO  (acting  in 
ao)  and  OE  (acting  in  oe).  These  components  are  equal,  opposite,  and 
parallel,  and  so  the  given  force-set  reduces  to  a  couple.  The  arm  of  the 
couple  is  the  perpendicular  distance  between  the  first  and  last  strings,  ao 
and  oe;  the  moment  of  the  couple  is  the  product  of  OA  or  EO  (according 
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to  the  scale  of  the  force  diagram)  and  the  arm  (according  to  the  scale  of 
the  space  diagram) ;   the  sense  is  apparent  from  the  space  diagram. 

The  length  of  the  arm  and  the  magnitude  of  the  forces  of  the  couple 
depend  on  the  order  in  which  the  forces  are  taken  in  the  force  polygon,  in 
the  first  method;  and  upon  the  position  chosen  for  the  pole  0,  in  the  second 
method.  But  the  moment  of  the  couple  is  independent  of  all  these  vari- 
ations. This  fact  may  be  verified  by  actually  compounding  a  certain  force- 
set  (whose  force  polygon  closes)  in  several  ways,  making  all  these  different 
variations  and  thus  arriving  at  different  couples.  The  couples  are  all 
equivalent  to  the  same  force-set  and  so  equivalent  to  each  other,  and 
hence  their  moments  are  equal  (Art.  5). 

7.  Algebraic  Composition  of  Coplanar  Nonconcurrent  Forces 
§  1.  Parallel  Forces. — If  the  forces  be  given  sign,  those  in  either  direc- 
tion being  called  positive  and  those  in  the  other  negative,  then  the  alge- 
braic sum  of  the  forces  gives  the  magnitude  and  sense  of  the  resultant,  the 
sign  of  the  sum  indicating  the  sense  of  the  resultant.  According  to  the 
principle  of  moments  (Art.  5),  the  moment  of  the  resultant  about  any  point 
equals  the  algebraic  sum  of  the  moments  of  the  forces  about  that  point,  and 
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this  requirement  fixes  the  position  or  line  of  action  of  the  resultant.  For 
example,  let  us  find  the  resultant  of  the  four  forces  acting  on  a  10  foot 
board,  as  shown  in  Fig.  32.  Calling  upward  forces  positive,  their  alge- 
braic sum  is  -f  20  —  40  —  50  + 30  =—40;  hence  the  resultant  equals  40 
pounds  and  acts  downward.    The  algebraic  sum  of  the  moments  of  the 

forces  about  the  left  end  of  the 
board,  say,  is  o  —  120  —  350  +  270  = 
—  200  foot-pounds,  and  hence  the 
moment  of  the  resultant  also  is  —  200 
foot-pounds;  this  fixes  the  arm  of  the 
resultant,  200  -4-  40,  or  5  feet.  Since 
the  resultant  acts  downwards  and  its  moment  about  the  origin  is  negative, 
its  line  of  action  must  be  to  the  right  of  the  origin,  5  feet. 

To  find  the  resultant  of  two  parallel  forces  (a  common  problem),  we 
may  of  course  use  the  general  method  just  explained,  but  the  following 
special  results  are  worth  noting.  We  distinguish  two  cases:  (1)  the  two 
forces  are  alike  in  sense;  (2)  they  are  opposite.  In  (1)  the  resultant  equals 
the  sum  of  the  forces  and  agrees  with  them  in  sense;  in  (2)  the  resultant 
equals  the  difference  between  the  two 
forces  and  agrees  with  the  larger  in 
sense.  In  order  that  the  moment  of 
the  resultant  R  may  equal  the  sum  of 
the  moments  of  the  forces,  P  and  Q 
(Fig.  33),  then,  in  case  (1),  R  must  lie 
between  the  forces,  and  in  case  (2)  out- 
side of  them  and  adjacent  to  the  larger  force  (assumed  to  be  P  in  the  figure). 
Furthermore,  if  the  distances  from  R  to  P  and  Q  be  called  p  and  q  respec- 
tively, and  that  between  P  and  Q  be  a,  then  in  either  case,  Rp  =  Qa  and 
Rq  =  Pa,  or  p  =  Qa/R     and     q  =  pa/R 

either  of  which  definitely  fixes  the  position  of  R.  Also  for  either  case,  Pp 
=  Qq     or     P/Q  =  q/p;  hence 

P/Q  =  BC/AC, 

that  is,  the  line  of  action  the  resultant  of  two  parallel  forces  divides  any  secant 
intersecting  their  lines  of  action  into  two  segments  which  are  inversely  pro- 
portional to  the  two  forces. 

If  the  algebraic  sum  of  a  set  of  parallel  forces  equals  zero,  then  it  may 
appear  to  the  student  that  their  resultant  vanishes  or  is  zero;  this  does 
not  follow,  but  the  resultant  actually  is  in  general  a  couple.  For  the  re- 
sultant of  all  but  one  of  the  given  forces  is  a  single  force  equal,  opposite, 
and  parallel  to  the  omitted  one;  but  these  two  are  not  in  general  colinear, 
and  so  they  constitute  a  couple,  the  resultant  of  the  system.  The  couple 
arrived  at  depends  on  which  one  of  the  given  forces  is  omitted,  but  the 
moment  of _the  couple  does  not,  for  that  couple  is  the  resultant  of  the  set, 
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and  the  moment  equals  the  algebraic  sum  of  the  moments  of  given  forces, 
a  definite  quantity.  For  example,  let  us  find  the  resultant  of  the  five 
forces  acting  on  a  io  foot  board,  as  shown  in  Fig.  34.  Their  algebraic  sum  is 
zero,  and  so  their  resultant  is,  presumably,  a  couple.  Compounding  all  but 
the  40  pound  force,  we  find  that  their 
resultant  equals  40  pounds,  acts  down- 
ward, 7.5  feet  to  the  right  of  the  left 
end  of  the  board,  and  so  the  resultant 
is  a  couple  whose  moment  is  -f  (40  X 
2.5)  =  +100  foot-pounds. 

Instead  of  actually  determining  the  forces  of  the  resultant  couple  as 
explained,  it  is  usually  sufficient  to  determine  the  moment  of  the  result- 
ant couple;  this  moment  equals  the  algebraic  sum  of  the  moments  of  the 
given  forces  about  any  point.  Thus,  in  the  preceding  example,  after  ascer- 
taining that  the  resultant  is  a  couple,  we  compute  the  moment-sum  for  the 
given  forces,  with  moment  origin  at  the  middle  of  the  board,  say,  or  (20  X  5) 
—  (60  X  3)  +  (30  X  1)  —  (50  X  1)  +  (40  X  5)  =  +100  foot-pounds;  and 
then  conclude  that  any  couple  whose  moment  equals  +100  foot-pounds 
may  be  regarded  as  the  resultant  of  the  system. 

§  2.  Nonparallel  Forces. — As  shown  in  Art.  6,  the  resultant  is  in  general 
a  single  force,  given  in  magnitude  and  direction  by  the  line  joining  the  be- 
ginning and  end  of  the  force  polygon  for  the  forces.  It  follows,  therefore, 
that  the  component  of  that  resultant  force  along  any  line  equals  the  alge- 
braic sum  of  the  components  of  the  given  forces  along  that  line.  From  this 
principle  we  can  get  the  components  of  the  resultant  along  any  two  rec- 
tangular axes;  and  from  these  components  the  magnitude  and  direction  of 
the  resultant  itself  can  be  readily  determined  by  obvious  means.  Ac- 
cording to  the  principle  of  moments  (Art.  5),  the  moment  of  the  resultant 
about  any  point  must  equal  the  sum  of  the  moments  of  the  given  forces  about 
that  point;  and  this  requirement  fixes  the  position  or  line  of  action  of  the 
resultant.     For  example,  let  us  find  the  resultant  of  the  six  forces  acting 

on  a  board,  4  by  4  feet,  as  shown  in  Fig.  35.  The 
angles  which  the  forces  make  with  the  horizontal  and 
the  arms  of  the  forces  with  respect  to  the  center  of 
the  board  are  recorded  in  columns  2  and  3  of  the 
schedule  on  page  26;  they  could  be  computed  trigono- 
metrically  or  could  be  scaled  from  a  larger  drawing. 
The  x  and  y  components  of  the  several  forces  are 
recorded  in  columns  4  and  5  respectively,  and  the 
moments  of  the  forces  with  respect  to  the  center  of 
the  board  in  column  6.  The  algebraic  sums  of  the  x 
and  the  y  components  are  +3.40  and  —7.22  pounds  respectively;  hence 
R  =  "v/3.402  -f-  7.222  =  7.98  pounds.  The  signs  of  the  sums  indicate  that  R 
acts  toward  the  right  and  downward;   the  angle  which  R  makes  with  the 
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horizontal  is  tan-1  (7.22  -4-  3.40),  or  640  47'.  The  sum  of  the  moments  is 
—  14.14  foot-pounds;  and,  since  the  moment  of  R  also  equals  —14.14,  R  lies 
on  the  right-hand  side  of  the  origin  of  moments  (the  moment  being  negative) , 
and  its  arm  is  14.14  4-  7.98  =  1.77  feet.  Thus,  R  has  been  completely 
determined. 
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The  moment-sum  (—14.14)  may  be  determined  also  —  more  simply  in 
this  example  —  by  adding  the  moments  of  the  x  and  y  components  of  the 
several  forces  (Art.  5).  This  method  requires  that  we  take  definite  lines 
of  action  for  all  the  components.  Of  course  any  force  and  its  x  and  y  com- 
ponents must  be  concurrent  (Art.  3).  We  take  the  heavy  dots  (Fig.  35), 
as  the  points  of  concurrence;  then  the  arms  of  the  x  components  of  the 
forces  respectively  with  respect  to  the  center  of  the  board  are  as  recorded 
in  column  7,  and  the  arms  of  the  y  components  are  as  recorded  in  col- 
umn 8.  The  moments  of  the  x  components  and  of  the  y  components  are 
recorded  in  columns  9  and  10  respectively.  The  sums  of  the  moments  of 
the  x  components  and  of  the  y  components  are  —25.18  and  +11.06  foot- 
pounds respectively,  and  hence  the  moment-sum  for   the   given    forces  is 

—  25.18+  11.06  =  —  14.12. 

If  HFX  and  2Fy  for  a  force-set  both  equal  zero,  then  any  force  polygon 
for  the  forces  would  close;  hence  the  resultant  of  the  forces  is  a  couple 

(Art.  6).  Any  couple  whose  moment  equals  the  alge- 
braic sum  of  the  moments  of  the  given  forces  about 
any  point  may  be  regarded  as  the  resultant.  For  ex- 
ample, let  us  find  the  resultant  of  six  forces  acting  on 
a  drawing  board  4  by  4  feet,  as  shown  in  Fig.  36.  In- 
spection shows  that  the  algebraic  sums  of  the  x  and 
the  y  components  equal  zero,  and  so  the  resultant 
is  a  couple.  Taking  moments  about  the  lower  left- 
hand  corner,  we  get  ~EM=  —60  X  1.414  —  20  X  1.414 

—  18X3—  12X1  =  — 179  foot-pounds,  and  this  is  also  the  value  of  the 
moment  of  the  resultant  couple. 

If  the  forces  consist  of  a  number  of  couples,  then  XFX  =  2Fy  =  o,  and 
the  resultant  is  a  couple.      But  the  sum  of  the  moments  of  these  forces 
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about  any  point  equals  the  sum  of  the  moments  of  the  couples;  hence  any 
couple  whose  moment  equals  the  sum  of  the  moments  of  the  given  couples 
may  be  regarded  as  the  resultant. 

8.   Moment  of  a  Force ;  Couples  * 

§  1.  Moment  about  a  Line. —  Art.  5  relates  to  moments  of  forces  and 
to  couples  with  special  reference  to  coplanar  forces  and  couples.  In  some 
discussions  on  noncoplanar  forces  it  is  convenient  to  make  use  of  a  product 
called  the  moment  of  a  force  with  respect  to  a  line;  this  is  defined  as  the 
product  of  the  component  of  the  force  perpendicu- 
lar to  the  line  —  the  other  being  parallel  to  it  — 
and  the  distance  from  the  line  to  the  perpendicu- 
lar component,  or  to  the  force  (the  distances  being 
equal).  For  example,  let  F  (Fig.  37),  acting  on  a 
body  not  shown,  be  the  force,  and  LL'  the  line,  or 
axis  of  moments  as  it  is  called.  MN  is  any  plane 
perpendicular  to  the  axis,  represented  to  make  the 
figure  plain.  OACB  is  a  parallelogram  with  OC 
(representing  F)  as  diagonal,  and  sides  perpendicu- 
lar and  parallel  to  LL' ;  then  OA  and  OB  represent 

the  perpendicular  and  parallel  components  (Ft  and  F2)  referred  to;  and  the 
moment  of  F  about  LL'  is  the  product  of  Fx  and  PL. 

The  moment  of  a  force  with  respect  to  a  line  is  a  measure  of  the  tendency 
of  the  force  to  turn  the  body  to  which  the  force  is  applied  about  that  line. 
Thus,  when  the  force  is  parallel  to  the  line  the  moment  is  zero,  and  obvi- 
ously the  force  has  no  tendency  to  turn  the  body  about  the  line.  Again, 
when  the  force  is  perpendicular  to  the  line  the  moment  of  the  force  about 
the  line  equals  the  product  of  the  force  and  the  perpendicular  distance 
from  the  line  to  the  force,  and  it  is  shown  in  Art.  5  that  this  product  meas- 
ures the  tendency  of  the  force  to  turn  the  body  about  the  line.  Finally, 
when  the  force  F  is  not  parallel  nor  perpendicular  to  the  axis  of  moments 
(Fig.  37),  then  Fi  and  F2  together  are  equivalent  to  F,  and  their  combined 
turning  effect  equals  that  of  F.  But  F2  has  no  turning  effect;  therefore 
that  of  Fi  and  that  of  F  are  equal.  But  it  was  explained  that  Fi  X  LP 
(the  moment  of  Fi)  measures  the  turning  effect  of  Fi,  and  so  it  also  measures 
the  turning  effect  of  F. 

In  a  discussion  involving  moments  of  several  forces  about  a  line,  it  is 
generally  convenient  to  give  signs  to  the  moments  to  indicate  the  directions 
(clockwise  or  counter)  in  which  the  several  forces  would  turn  the  body 
about  the  line  if  it  were  free  to  rotate  about  that  line.  Whether  a  given 
rotation  is  clockwise  or  counter  depends  on  the  point  of  view;  in  a  par- 
ticular discussion  a  point  of  view  should  be  assumed  on  the  line  or  axis  of 
moments  and  outside  of  the  body,  so  that  all  rotations  would  be  seen  look- 
ing in  the  same  direction.      When  the  axis  of  moments  is  also  an  axis  of 

*  See  Art.  5  also. 
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coordinates,  then  it   is  customary  to  view  rotations  about   that   axis   from 
the  positive  end  of  the  coordinate  axis,  looking  in  the  negative  direction. 

Principle  of  Moments.  —  If  two  sets  of  forces  are  equivalent  (Art.  2), 
then  the  moment-sum  for  one  set  with  respect  to  any  line  equals  the  mo- 
ment-sum for  the  other  set  with  respect  to  the  same  line.  This  will  be 
granted  as  self-evident  by  most  students;  others  may  consider  this:  Let 
S\  and  S2  denote  the  two  equivalent  sets  of  forces,  and  S3  a  third  set  which 
would  balance  Si  and  hence  also  S2.  Since  Si  and  .S3  would  balance,  they 
would  not  turn  the  body  on  which  they  act  about  any  line;  hence  the 
moment-sums  for  Si  and  S3  with  respect  to  any  line  are  equal  in  value  but 
opposite  in  sign.  Likewise,  the  moment-sums  for  S2  and  S3  with  respect 
to  that  same  line  are  equal  in  value  and  opposite  in  sign.  The  moment- 
sums  for  Si  and  S2  being  equal  to  the  same  thing,  are  therefore  equal. 

It  follows  from  the  preceding  that  the  moment-sum  for  any  set  of  forces 
with  respect  to  a  given  line  equals  the  moment  of  the  resultant  of  those 
forces  with  respect  to  the  same  line.  Also,  the  moment  of  a  force  about  any 
line  equals  the  moment-sum  of  its  components  with  respect  to  the  same 
line.  This  last  principle  suggests  a  second  method  for  computing  the 
moment  of  a  force  with  respect  to  a  line,  more  simple  than  the  first  method 
in  some  cases:  Resolve  the  force  into  three  rectangular  components,  one  of 
which  is  parallel  to  the  axis  of  moments;  compute  the  moment  of  each  of 
the  other  two  components  about  the  axis,  and  add  the  moments  alge- 
braically; this  sum  equals  the  moment  of  the  given  force.  For  an  example, 
we  compute  the  moment  of  a  100  pound  force  which  acts  upon  a  4  foot 

cube  as  shown  in  Fig.  38,  with  respect  to  those 
edges  marked  X,  Y,  and  Z.  The  x,  y,  and  2  com- 
ponents of  the  force  are  37.2,  74.2,  and  55.7  pounds 
respectively  (see  Art.  4);  these  components  must 
be  concurrent  with  the  given  force.  Taking  Af  as 
the  point  of  concurrence,  the  moments  are  com- 
puted as  follows:  —74.2  X  4  +  55.7  X  4  =  —  74; 
-37.2  X  4  -  55-7  X  2  =  -260;  and  37.2  X  4  + 
74.2  X  2  =  297  foot-pounds.  With  point  of  con- 
currence taken  at  B  or  at  any  other  point  in  AB, 
the  same  result  would  be  obtained  for  the  moment. 
§  2.  Couples  (see  also  Art.  5).  —  Two  couples  whose  planes  are  parallel 
and  whose  moments  and  senses  are  the  same  are  equivalent.  Proof  of  this 
proposition  for  the  case  of  coplanar  couples  is  given  in  Art.  5;  proof  for 
noncoplanar  couples  follows.  Let  Pi  and  P2  (Fig.  39)  be  the  forces  of  one 
couple,  Qi  and  Q2  (not  shown)  the  forces  of  the  other,  and  p  and  q  the  arms 
of  the  couples  respectively;  then  by  supposition  Pp  =  Qq.  According  to 
Art.  5,  the  Q  couple  can  be  replaced  by  a  couple  in  its  own  plane  provided 
that  the  moment  and  sense  of  the  new  couple  equals  that  of  the  Q  couple. 
Let  Si  and  S2  be  the  forces  of  that  replacing  couple,  Si  and  S2  being  chosen 
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parallel  and  equal  to  P\  and  Pi,  then  the  arm  ab  of  the  5"  couple  equals  p, 
and  abed  is  a  parallelogram.  We  now  show  that  the  P  couple  would  balance 
the  reversed  5  couple;  it  will  follow  that  the  P  and  S  couples  are  equiva- 
lent, and  hence  also  the  P  and  Q  couples.  The  resultant  R'  of  Pi  and 
—  S2  (S2  reversed)  equals  the  resultant  R"  of  P2 
and  —Si  (Si  reversed),  and  R'  and  R"  are  parallel 
and  opposite  in  sense.  Moreover,  R'  lies  midway 
between  Pi  and  S2,  and  R"  lies  midway  between 
Pi  and  S\\  therefore  each  resultant  acts  through 
the  center  of  the  parallelogram  abed,  and  hence 
they  are  colinear.  The  resultants  therefore  bal- 
ance, and  hence  the  four  forces  Pi,  P2,  —Si,  —S2 
do  also.    Therefore,  etc. 

The  resultant  of  any  number  of  couples  is  a  couple.  Proofs  of  this  prop- 
osition for  the  case  of  coplanar  couples  are  given  in  Arts.  6  and  7.  For 
the  case  of  noncoplanar  parallel  couples:  The  given  couples  can  be  re- 
placed by  equivalent  ones  respectively,  all  in  some  one  plane;  the  result- 
ant of  these  is  a  couple,  and  hence  the  resultant  of  the  given  ones  is  also  a 
couple.  For  the  case  of  nonparallel  couples:  Imagine  each  of  the  two 
couples  to  be  replaced  by  an  equivalent  couple,  and  let  the  four  forces  of 
the  replacing  couples  be  equal;  furthermore,  imagine  the  two  new  couples 
so  placed  (in  their  respective  planes)  that  a  force  of  one  couple  will  balance 

a  force  of  the  other.  See  Fig.  40  (perspec- 
tive), which  shows  the  two  replacing  couples, 
there  marked  F1F2  and  F3Fi;  a  is  the  angle 
between  the  planes  of  the  couples.  Since 
F2  and  P4  balance,  Fi  and  F3,  constituting  a 
couple,  are  equivalent  to  Fh  F2,  F3  and  Ft 
and  hence  to  the  two  original  couples. 

The  resultant  of  any  coplanar  or  parallel 
couples  can  be  determined  very  simply;  the 
resultant  is  any  couple  parallel  to  the  given 
couples,  its  moment  being  equal  to  the  alge- 
braic sum  of  the  moments  of  the  given  couples.  The  resultant  of  nonparallel 
couples  can  be  determined  best  from  their  vectors  *  by  means  of  this  proposi- 
tion, —  The  vector  of  the  resultant  of  any  number  of  couples  equals  the  sum 
of  the  vectors  of  those  couples.  Proof:  Consider  first  two  couples,  say  the 
two  whose  resultant  was  found  in  the  preceding  paragraph.  Let  ABC  (Fig. 
41)  be  an  end  view  of  Fig.  40,  looking  along  the  line  AA'\  that  is,  ABC  of 

*  The  vector  of  a  given  couple  is  perpendicular  to  the  plane  of  the  couple  (exact  posi- 
tion of  vector  immaterial);  its  length  is  equal  to  the  moment  of  the  couple  according 
to  some  scale  understood;  and  its  sense  agrees  with  the  sense  (rotation)  of  the  couple 
according  to  some  rule  of  agreement,  as  for  example  the  following:  Imagine  the  vector 
to  be  a  right-handed  screw  turning  with  the  couple;  then  the  arrowhead  on  the  vector 
must  point  in  the  direction  in  which  the  screw  advances. 
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Fig.  41  is  ABC  of  Fig.  40  in  true  proportions.  Then  AM  (perpendicular  to 
AB),  AN  (perpendicular  to  AC),  and  AO  (perpendicular  to  BC)  are  respec- 
tively the  vectors  of  the  two  given  couples  and  their  resultant,  provided  that 
the  lengths  of  the  vectors  are  proportional  to  the  moments  of  the  couples  Ffi, 
Ff2  and  Ff;  let  the  lengths  be  in  that  proportion.  Vector  AO  is  the  sum 
of  the  vectors  AM  and  AN,  provided  that  OMAN  is  a  parallelogram;  we 
now  show  that  it  is  a  parallelogram.  Angle  MAO  =  /3;  since  in  the  tri- 
angle MAO  and  ABC  two  sides  are  proportional  each  to  each  and  the  in- 
cluded angles  are  equal,  the  triangles  are  similar;  it  follows  that  OM  is 
perpendicular  to  AC,  or  parallel  to  AN.  From  similar  reasoning,  it  fol- 
lows that  ON  is  perpendicular  to  AB,  or  parallel  to  AM.  Hence  OMAN 
is  a  parallelogram.  Obviously,  if  the  proposition  holds  for  two  couples,  it 
holds  for  any  number. 

Composition  of  three  couples  whose  planes  are  mutually  at  right  angles 
is  an  important  special  case.  We  take  the  three  planes  as  coordinate 
planes,  and  call  the  couples  whose  planes  are  perpendicular  to  the  x,  y,  and 
z  axes  Cx,  Cy,  and  Cz  respectively,  their  vectors  vx,  vy  and  vz,  and  the  re- 
sultant couple  C  and  its  vector  v.    Then  v  =  (vx2  -f  vy2  -j-  vz2)*;  hence 

c  =  (cy  +  cy  +  cM 

Also,  if  </>i,  02,  and  03  denote  the  direction  angles  of  v,  then  cos  0i  —  Vx/v, 
cos  02  =  Vy/v,  and  cos03  =  vt/v;  hence 

cos  0i  =  Cx/C,      cos  02  =  Cy/C,      cos  03  =  Cz/C. 

It  follows  from  the  preceding  that  a  couple  may  be  equivalent  to  two  or 
more  couples,  which  are  therefore  components  of  that  couple;  also,  to  re- 
solve a  couple  we  have  only  to  resolve  its  vector,  the  component  vectors 
being  the  vectors  of  the  component  couples.  The  resolution  of  a  couple 
into  three  components  whose  planes  are  mutually  at  right  angles  is  an  im- 
portant special  case.  Let  C  be  the  couple  to  be  resolved  and  v  its  vector, 
and  denote  the  direction  angles  of  the  vector  by  a,  /3,  and  7,  the  coordi- 
nate planes  having  been  taken  to  coincide  with  the  planes  of  the  desired 
component  couples.  Let  Cx,  Cy,  and  Cz  denote  the  component  couples, 
which  are  perpendicular  to  the  x,  y  and  2  axes  respectively,  and  vx,  vy  and 
vz  the  corresponding  vectors.  Then  vx  =  v  cos  a,  vy  =  v  cos  /3,  and  vz  =  v  cos  7; 
hence, 

Cx  =  C  cos  a,       Cy  =  C  cos  /3,       Cz  =  C  cos  7. 

9.   Noncoplanar  Nonconcurrent  Forces 

§  1.  Parallel  Forces. — It  is  shown  in  Art.  7  that  the  resultant  of  any  two 
parallel  forces  is  parallel  to  those  forces,  and  that  its  magnitude  and  sense 
are  given  by  the  algebraic  sum  of  the  forces,  the  sense  being  given  by  the 
sign  of  the  sum.  It  follows  that  the  resultant  of  any  number  of  parallel 
forces,  not  coplanar  necessarily,  is  parallel  to  the  forces,  and  that  its  magni- 
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tude  and  sense  are  given  by  the  algebraic  sum  of  the  forces  (all  forces  of  the 
same  sense  having  one  sign,  and  those  of  the  opposite  sense  having  the  oppo- 
site sign).  The  line  of  action  of  the  resultant  may  be  fixed  by  means  of  the 
arms  of  the  resultant  with  respect  to  two  rectangular  axes,  each  perpendicu- 
lar to  the  forces.  Such  arms  can  be  computed  readily  from  the  principle 
that  the  moment  of  the  resultant  about  any  axis  equals  the  algebraic  sum 
of  the  moments  of  the  forces  about  the  same  axis. 

For  an  example,  we  find  the  resultant  of  four  forces  which  referred  to  a 
set  of  rectangular  axes  are  described  as  follows:  They  are  parallel  to  the 
z-axis;    their  magnitudes  are  recorded  in  the  first  column  of  the  schedule 
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adjoining,  the  signs  indicating  the  senses  of  the  forces;  their  lines  of  action 
pierce  the  xy  plane  in  points  whose  coordinates  are  recorded  in  the  second 
and  third  columns.  The  algebraic  sum  of  the  forces  is  +50,  and  so  the 
magnitude  of  the  resultant  is  50  pounds,  and  it  acts  in  the  positive  z  di- 
rection. The  moments  of  the  forces  about  the  x  and  y  axes  are  recorded  in 
the  last  two  columns  respectively.  The  algebraic  sums  of  these  moments 
are  —440  and  —230  foot-pounds,  as  indicated.  These  sums  are  also  the 
values  of  the  moments  of  the  resultant  with  respect  to  those  axes;  hence 
the  resultant  (acting  in  the  positive  direction)  is  above  the  x  axis  and  to  the 
right  of  the  y  axis  at  distances  equal  to  440  +  50  or  8.S,  and  230  +  50 
=  4.6  feet  respectively. 

If  the  algebraic  sum  of  the  forces  equals  zero,  thsn  their  resultant  is,  in 
general,  a  couple.  For  the  resultant  of  all  the  forces  but  one  is  a  single 
force  equal  and  opposite  to  that  one;  and,  in  general,  that  resultant  force 
and  the  omitted  force  would  not  be  colinear,  and  so  they  constitute  a 
couple  as  stated. 

§  2.  Nonparallel  Forces. — A  set  of  noncoplanar,  nonconcurrent,  non- 
parallel  forces  may  be  compounded,  in  general,  into  a  force  acting  through 
any  arbitrary  chosen  point  and  a  couple.  Proof  follows:  As  explained  in 
Art.  5,  each  force  of  the  given  system  may  be  resolved  into  and  be  re- 
placed by  a  force  acting  through  the  chosen  point  and  a  couple.  Sup- 
posing such  a  replacement  made  for  each  given  force,  then  the  new  system 
consists  of  a  set  of  concurrent  forces  at  the  chosen  point  and  a  set  of 
couples;  but  the  resultant  of  the  concurrent  forces  is  a  single  force  acting 
through   the  chosen  point    (Art.  4),  and   the  resultant  of   the  couples    is  a 
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single  couple  (Art.  8).     This  force  and  couple  respectively  will  be  denoted 
by  R  and  C. 

We  now  show  in  detail  how  to  determine  R  and  C.  Let  Pi,  F2,  F3,  etc. 
(Fig.  42,  only  F\  shown),  be  the  forces  of  the  given  system  acting  on  a 
body  not  shown;  0  the  point  through  which  R  is  to  pass;  and  OX,  OY 
and  OZ  any  convenient  axes  of  reference.  Let  Pi  and  Qi,  acting  at  0 
(Fig.  42),  be  equal  and  parallel  to  Fi;  similarily,  let  P2  and  Qi  (not  shown) 
act  at  0,  and  be  equal  and  parallel  to  F2;  etc.  Then  the  force  Pi  and  the 
couple  F1Q1  (Fig.  43)  are  equivalent  to  Pi  (Fig.  42);  the  force  P2  and  the 
couple  FiQi  are  equivalent  to  P2;   etc.     Now  the  axial  components  of  Pi, 
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P2,  P3,  etc.  (the  concurrent  forces),  are  respectively  equal  to  the  axial  com- 
ponents of  Pi,  P2,  P3,  etc.  (the  given  forces);  hence  if  2FX,  2Fy  and  2P, 
denote  the  algebraic  sums  of  the  x,  y,  and  z  components  of  the  given  forces, 
then  Rx  =  2PX,  Ry  =  ZFy,  and  Rz  =  SPZ;  also 

R*=(XFxy+(2Fv¥+  (2P,)2. 

And  if  0i,  02,  and  03  denote  the  direction  angles  of  R,  then 

cos  ft  =  ZFX/R,      cos  ft  =  2FV/R,      cos  ft  =  2P2/P. 

These  formulas  determine  R.  To  determine  C:  Imagine  it  resolved  into 
three  components  whose  planes  are  respectively  perpendicular  to  the  x, 
y,  and  z  axes  (Art.  8),  and  denote  the  components  and  their  moments  by 
Cx,  Cv,  and  Cz  (Fig.  44).  Since  the  system  R,  Cx,  Cy,  and  Cz  is  equivalent  to 
the  given  system,  their  moments  about  any  line  are  equal;  hence d  =  21fx, 
Cy  =  2My,  and  Cz  =  2Mt,  where  2MX,  2My,  and  Silf ,  denote  the  moment- 
sums  for  the  given  system  with  respect  to  the  x,  y,  and  z  axes  respectively. 
Also,  according  to  Art.  8, 

C2  =  (2Mxy  +  {-LMyy  +  (ZMzy; 

and  if  4>\,  fa  and  $3  denote  the  direction  angles  of  the  vector  representing 
C,  then 

cos  fa  =  XMX/C,      cos  <h  =  2My/C,      cos  &  =  2M,/C. 
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In  general,  R  and  C  may  be  compounded  into  two  noncoplanar  forces. 
For,  as  explained  in  Art.  8,  C  may  be  shifted  about  without  change  of 
effect  if  only  the  direction  of  its  plane  be  unchanged;  assume  such  shift 
until  one  of  the  forces  of  C  intersects  R;  then  that  force  and  R  may  be 
compounded  into  a  single  force  R';  there  remain  R'  and  the  second  force 
of  C,  and  obviously  R'  and  that  force  are  not  coplanar.  These  two  cannot 
be  compounded;  they  are  the  simplest  set  equivalent  to  the  given  system, 
and  therefore  constitute  the  resultant  of  the  given  system.  If  the  plane  of 
C  happens  to  be  parallel  to  R,  then  C  and  R  can  be  compounded  into  a 
single  force,  and  the  resultant  of  the  given  system  is  a  single  force.  For 
shifting  C  about  until  C  and  R  become  coplanar,  then  they  may  be  com- 
pounded readily  into  a  single  force  (Art.  5). 


CHAPTER    II 

FORCES  IN   EQUILIBRIUM 

10.   Principles  of  Equilibrium 

§  i.  General  Conditions  of  Equilibrium. — It  is  convenient  in  some 
discussions  to  distinguish  forces  as  "external"  or  "internal/'  meaning  by 
external  force  one  which  is  exerted  on  the  body  under  discussion  by  some 
other  body,  and  by  internal  force  one  which  is  exerted  on  a  part  of  the  body 
under  discussion  by  another  part.  (The  word  body  is  used  here  in  a  broad 
sense  to  denote  any  definite  portion  of  matter,  as  a  locomotive,  a  bridge,  the 
steam  in  a  boiler,  the  water  in  a  pond,  etc.)     For  illustration,  consider  the 

crude  crane  in  Fig.  45.     It  consists  of  three 
Ceiling  main  members  (A B,  CD  and  DE),  a  pulley,  a 

winding  drum  and  a  hoisting  chain;  it  is  sup- 
ported at  ,4  (ceiling)  and  at  B  (floor).  The 
external  forces  acting  on  the  crane  consist  of 
tne  weight  of  all  the  parts  (exerted  by  the 
f  earth),  the  pull  down  on  the  hook  (exerted  by 
the  load),  the  supporting  force  at  A  (exerted 
by  the  ceiling),  and  the  supporting  force  at  B 
(exerted  by  the  floor).  The  members  exert 
V////////////A  forces  upon  each  other  where  they  come  to- 

FIG  45  gether,  but  these  are  internal  forces  with  ref- 

erence to  the  whole  crane.  With  reference  to 
the  crane  post  AB,  the  external  forces  are  its  weight,  the  supporting  force  at 
A,  that  at  B,  the  pressures  on  it  at  E,  C,  and  the  drum.  All  these  are 
exerted  on  the  post  by  something  else,  and  so  are  properly  called  external 
forces.  Any  two  adjacent  portions  of  the  post,  as  the  upper  and  lower 
halves,  exert  forces  on  each  other,  and  these  forces  are  internal  with  refer- 
ence to  the  post. 

All  the  external  forces  acting  on  a  body  at  rest  constitute  a  balanced 
system,  and  such  system  is  said  to  be  in  equilibrium.  Obviously,  the  re- 
sultant of  such  a  system  is  nil,  and  this  fact  is  sometimes  called  the  general 
condition  of  equilibrium  for  any  kind  of  a  force  system.  The  general  con- 
dition implies  subordinate  conditions;   thus,  for  any  system  whatever, 

(A)  the  algebraic  sum  of  the  (rectangular)  components  of  all  the  forces  along 

any  line  equals  zero,  and 

(B)  the  algebraic  sum  of  the  moments  oj  all  the  forces  about  any  line  equals 

zero. 
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By  means  of  (A)  and  (B)  we  can  write  many  equations  for  any  system  in 
equilibrium.  Thus,  for  a  coplanar  concurrent  system,  (A)  gives  2FX  =  o, 
XFV  =  o,  2FU  =  o,  etc.,  where  x,  y,  u,  etc.,  are  axes  of  resolution;  and 
(B)  gives  2Ma  =  o,  2Mb  =  o,  2MC  =  o,  etc.,  where  a,  b,  c,  etc.,  are  origins 
of  moments  in  the  plane  of  the  forces.  Not  all  of  such  equilibrium  equa- 
tions are  independent,  however;  that  is,  certain  ones  follow  from  the  others. 
Thus,  if  2FX  =  o  for  any  coplanar  concurrent  system,  then  2Fy  does 
not  necessarily  equal  zero,  but  if  also  Z,FV  =  o,  then  the  resultant  equals 
zero,  and  it  follows  that  2FU  =  o.  That  is,  XFX  =  o  and  2Fy  =  o  are  two 
independent  equations,  but  any  third  similar  equation  (as  2FU  =  o)  is  not 
independent  of  them.  The  independent  equations  or  conditions  of  equi- 
librium for  any  particular  kind  of  force  system  are  such  as  are  necessary 
and  sufficient  to  insure  a  vanishing  resultant.  We  will  now  deduce  these 
independent  conditions  of  equilibrium  for  the  various  classes  or  kinds  of 
force  systems. 

(i)  Colinear  Forces. — There  is  one  condition  of  equilibrium.      It  can  be 
stated  in  several  forms;  namely, 

(i)  2F  =  o      or  (2)  2Ma  =  o. 

Form  (1)  states  that  the  algebraic  sum  of  the  forces  equals  zero;  (2)  that 
the  algebraic  sum  of  the  moments  of  all  the  forces  about  any  point  (not  on 
their  common  line  of  action)  equals  zero.  On  the  graphical  basis,  the  condi- 
tion of  equilibrium  is  that  the  force  polygon  for  the  forces  (degenerated  into 
a  straight  line  in  this  case)  is  a  closed  one.  For  if  2F  =  o,  or  2M  =  o,  or 
the  force  polygon  closes,  then  there  is  no  resultant. 

f$f  Coplanar  Concurrent  Forces.  — There  are  two  independent  algebraic  con- 
ditions of  equilibrium.     They  can  be  expressed  in  three  forms;  namely, 

(1)  XFX  =  2Fy  =  o,      (2)  2F  =  SAfa  =  o,      or      (3)  2Ma  =  XMb  =  o. 

Form  (1)  states  that  the  algebraic  sums  of  the  components  of  the  forces 
along  two  lines  x  and  y  (in  the  plane  of  the  forces)  equal  zero;  (2)  that  the 
algebraic  sum  of  the  components  of  the  forces  along  any  line  (as  x),  and  the 
algebraic  sum  of  the  moments  of  all  the  forces  about  any  point,  each  equal 
zero  (the  point  a  to  be  in  the  plane  of  the  forces,  and  the  line  joining  a  and 
O,  their  point  of  concurrence,  to  be  inclined  to  the  *  axis);  and  (3)  that 
the  algebraic  sums  of  the  moments  of  all  the  forces  about  two  points  (not 
colinear  with  the  point  of  concurrence  of  the  forces)  equal  zero.  For  in 
any  case  the  resultant  is  zero,  as  will  be  seen  from  this:  (1)  According  to 
Art.  4,  the  resultant  of  the  system,  if  there  is  one,  is  a  single  force  R,  given 
by  R  =  V(2FX)2  +  (2FJ2;  and  hence  if  2FX  =  o  and  2Fy  =  o,  R  must 
equal  zero.  (2)  If  2FX  =  o,  then  the  resultant,  if  there  is  one,  must  be 
perpendicular  to  the  x  axis;  and  if  2Ma  =  o,  then  the  moment  of  R  about 
a  equals  zero,  which  requires  that  R  =  o.  (3)  The  resultant,  if  there  is  one, 
must  pass  through  the  point  of  concurrence  0  of  the  given  forces;  if  21f0=  o 
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then  R  must  pass  through  a  also;  if  2M&  =  o,  then  R  must  equal  zero,  b 
not  being  on  Oa. 

The  graphical  condition  of  equilibrium  is  that  the  force  polygon  for  the 
forces  closes.     For,  if  it  does  close,  then  there  is  no  resultant. 

(Sji)_  Coplanar  Nonconcurrent  Parallel  Forces. — There  are  two  independent 
algebraic  conditions  of  equilibrium.  They  can  be  expressed  in  two  forms; 
namely, 

(1)  2F  =  2M  =  o      or      (2)  2Afa  =  2M6  =  o 

Form  (1)  states  that  the  algebraic  sum  of  the  forces  and  the  algebraic  sum 
of  the  moments  of  the  forces  about  any  point  (in  the  plane  of  the  forces)  equal 
zero;  (2)  that  the  algebraic  sums  of  the  moments  of.  the  forces  about  two 
points  equal  zero,  the  line  joining  the  origins  not  to  be  parallel  to  the  forces. 
For  either  set  of  conditions  is  necessary  and  sufficient  to  make  the  result- 
ant zero,  as  may  be  shown  thus:  In  Art.  7  it  is  shown  that  the  resultant, 
if  there  is  one,  is  a  single  force  or  a  couple.  And  (1),  if  2F  =  o,  then  the 
resultant  is  not  a  force,  and  if  2  AT  =  o,  then  it  is  not  a  couple;  and  hence 
there  is  no  resultant.  (2)  If  2ATa  =  o,  the  resultant  is  not  a  couple  but  a 
force,  which  passes  through  a;  if  also  2AT&  =  o,  then  the  moment  of  the 
resultant  force  about  b  must  be  zero,  and  that  requires  that  the  force  equals 
zero. 

There  are  two  graphical  conditions  of  equilibrium,  namely,  a  force  and 
a  string  polygon  for  the  forces  must  close.  For  if  a  force  polygon  closes, 
then  the  resultant,  if  there  is  one,  is  a  couple;  if  a  string  polygon  closes,  then 
the  resultant  is  not  a  couple. 

(iv)  Coplanar  Nonconcurrent  Nonparallel  Forces. — There  are  three  inde- 
pendent algebraic  conditions  of  equilibrium.      They  can  be  stated  in  three 

forms;  namely, 

(1)  2FX  =  2Fy  =  2Ma  =  o; 

(2)  2FX  =  2Ma  =  2Mh  =  o; 

and  (3)    2ATa  =  2AT6  =  23fc  =  o. 

Form  (1)  states  that  the  algebraic  sums  of  the  components  of  all  the  forces 
along  two  lines  and  the  algebraic  sum  of  the  moments  of  the  forces  about 
any  point  equal  zero,  the  lines  and  points  to  be  in  the  plane  of  the  forces; 
(2)  that  the  algebraic  sums  of  the  components  of  the  forces  along  any  line  x 
and  the  algebraic  sums  of  the  moments  of  the  forces  about  two  points,  a  and 
b,  equal  zero,  the  line  x  and  that  joining  a  and  b  not  to  be  at  right  angles; 
and  (3)  that  the  algebraic  sums  of  the  moments  of  the  forces  about  three 
points,  a,  b,  and  c,  equal  zero,  the  points  not  to  be  colinear.  For  any  set  of 
these  conditions  is  necessary  and  just  sufficient  to  make  the  resultant  vanish 
as  may  be  shown,  thus:  The  resultant,  if  there  is  one,  is  a  single  force  or  a 
single  couple  (Art.  7).  And  (1)  if  2FX  =  2FX  =  o,  then  the  resultant  is  not 
force,  and  if  2AT  =  o,  it  is  not  a  couple;  and  hence  there  is  no  resultant. 
(2)  If  2jPx  =  o,  the  resultant  is  a  force  R  perpendicular  to  the  x  axis  or  a 
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couple;  if  2Ma  =  o,  it  is  not  a  couple,  but  a  force  passing  through  a  (and 
perpendicular  to  the  x  axis);  if  also  2Mb  =  o,  then  the  moment  of  that 
force  about  b  must  equal  zero,  and  hence  the  force  must  equal  zero.  (3)  If 
!Ma  =  o,  the  resultant,  if  there  is  one,  is  not  a  couple  but  a  force  passing 
through  a;  if  21f&  =  o,  that  resultant  passes  through  b;  if  also  2MC  =  o, 
then  the  resultant  force  must  equal  zero. 

There  are  two  graphical  conditions,  just  like  those  for  parallel  coplanar 
nonconcurrent  forces;  namely,  a  force  and  a  string  polygon  must  close. 
For  if  a  force  polygon  closes,  then  the  resultant,  if  there  is  one,  is  not  a 
force  but  a  couple;  if  a  string  polygon  closes,  then  the  resultant  is  not  a 
couple,  and  so  there  is  no  resultant  (see  Art.  6). 

(v)  Noncoplanar  Concurrent  Forces.  —  There  are  three  independent  alge- 
braic conditions  of  equilibrium.     The  convenient  form  is 

2FX  =  2FV  =  2FZ  =  o; 

that  is,  the  algebraic  sums  of  the  components  of  all  the  forces  along  three 
rectangular  axes,  x,  y,  and  z,  equal  zero.  For  as  shown  in  Art.  4,  the  resultant, 
if  there  is  one,  equals  V(2FX)2  +  (2Fy)2  +  (2F2)2,  and  so  if  the  conditions 
stated  are  fulfilled  then  the  resultant  equals  zero. 

(vi)  Noncoplanar  Parallel  Forces.  There  are  three  independent  algebraic 
conditions  of  equilibrium.    There  are  two  convenient  forms ;  namely, 

(1)    2F  =  SMi  =  2M2  =  o,      and  (2)    SM 1  =  2M2  =  2AT3  =  o. 

Form  (1)  states  that  the  algebraic  sum  of  the  forces  and  the  algebraic  sums 
of  the  moment  of  the  forces  about  two  lines  perpendicular  to  the  forces  but 
not  parallel  to  each  other  equal  zero;  (2)  that  the  algebraic  sums  of  the  mo- 
ments about  three  coplanar  nonconcurrent  nonparallel  lines  perpendicular  to 
the  forces  equal  zero.  For  (1)  if  2F  =  o,  the  resultant  is  not  a  force;  if 
2.1/i  =  o,  the  resultant  is  a  couple  whose  plane  is  parallel  to  the  first  line  or 
axis  of  moments  (and  to  the  forces) ;  and  if  2Af2  =  o,  then  the  plane  of  the 
couple  must  also  be  parallel  to  the  second  axis;  but  all  these  conditions 
of  parallelism  cannot  be  fulfilled  unless  the  two  forces  of  the  couple  are 
colinear,  in  which  case  the  two  forces  balance,  so  that  there  is  really  no  re- 
sultant. (2)  If  ZMi  =  2Jkf2  =  o,  then  the  resultant  must  be  a  force  pass- 
ing through  the  intersection  of  lines  1  and  2;  if  2Jkf3  =  o,  then  that  force 
must  equal  zero;  that  is,  the  three  conditions  make  the  resultant  vanish. 

(vii)  Wbntoplanar  Nonconcurrent  Nonparallel  Forces.  —  There  are  six 
independent  algebraic  conditions  of  equilibrium,  namely, 

2FX  =  2F„  =  2F,  =  Silf,  =  SM„  =  Silf,  =  o; 

that  is,  the  algebraic  sums  of  the  components  of  all  the  forces  along  three 
lines  and  the  algebraic  sums  of  the  moments  of  the  forces  about  three  non- 
coplanar axes  equal  zero.  (It  is  generally  most  convenient  to  take  the 
three  lines  and  the  three  axes  at  right  angles  to  each  other.)     For  the  result- 
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ant  of  the  system,  if  there  is  one,  is  always  reducible  to  a  single  force  and 
a  single  couple  (Art.  9) ;  if  SFX  ■=  ZFy  =  ZFZ  =  o,  the  single  force  equals 
zero,  and  2Mx  =  '2My=i'2Mz  =  o,  if  then  the  couple  vanishes,  and  so  there 
is  no  resultant. 

If  every  force  in  the  given  system  (in  equilibrium)  be  represented  by  a 
vector,  and  all  these  vectors  be  projected  on  three  rectangular  coordinate 

planes,  then  the  three  sets  of  projections 
represent  three  force  systems,  and  each 
is  in  equilibrium  (proved  below).  In 
some  cases  it  may  be  more  convenient  to 
deal  with  these  projected  systems.  In 
general,  each  furnishes  three  conditions 
or  equations  of  equilibrium,  making  nine 
in  all;  but  there  are  duplicates  among  the 
nine,  and  only  six  are  independent.  To 
prove  the  foregoing,  let  F  (Fig.  46)  be 
one  of  the  forces  of  the  system  in  equilib- 
rium and  P  its  point  of  application  (on  a 
body  not  shown).  A,  B,  and  C  are  pro- 
jections of  the  vector  F  on  the  xy,  yz,  and  zx  planes  respectively.  Obviously, 
the  x  and  y  components  of  A  equal  Fx  and  Fy  respectively;  the  y  and  z  com- 
ponents of  B  equal  Fy  and  Fz  respectively,  and  the  z  and  x  components  of 
C  equal  Fz  and  Fx  respectively,  as  indicated.     Since  the  given  system  is  in 


and 


Now  XFX  is  also  the  sum  of  the  x  components  of  the  A  -system;  Z,Fy  is  also 
the  sum  of  the  y  components  of  the  A  -system;  and  1,(Fyx—Fxy)  is  also  the 
sum  of  the  moments  of  the  A  forces  about  O.  Hence  (1),  (2),  and  (6)  are 
conditions  which  assert  the  equilibrium  of  the  A  -system.  For  similar  rea- 
sons (2),  (3),  and  (4)  assert  the  equilibrium  of  the  5-system  and  (1),  (3), 
(5)  assert  the  equilibrium  of  the  C-system. 

§  2.  Special  Conditions  of  Equilibrium,  depending  on  number  of  forces 
in  the  system.  —  (1)  A  single  force  cannot  be  in  equilibrium.  (2)  If  two 
forces  are  in  equilibrium,  then  obviously  they  must  be  colinear,  equal,  and 
opposice.  (3)  If  three  forces  are  in  equilibrium,  then  they  must  be  coplanar, 
and  concurrent  or  parallel.  Proof:  Let  the  three  forces  be  called  Fh  F2, 
and  F3;  since  ^1  and  F2  balance  F3,  Fi  and  F2  have  a  single  force  resultant 
R  colinear  with  F3;  since  Fi  and  F2  have  a  resultant  colinear  with  Fs,  they 
lie  in  a  plane  with  F3.  If  F\  and  F2  are  concurrent,  then  R  is  concurrent 
with  them  and  hence  Fs  also;  if  Fi  and  F2  are  parallel,  then  R  and  hence 
Fz  is  parallel  to  them.     When  the  three  forces  are  concurrent,  then  each  is 


equilibrium, 

(1) 

2FX  =  0, 

(4) 

2Jf,  =  2(Fgy  -  Fyz)  =  0, 

(2) 

2F„  =  0, 

(5) 

271^  =  2(Fxz  -  Fzx)  =  0, 

(3) 

?FZ  =  0, 

(6) 

2M2  =  2(Fyx  -  Fxy)  =  0. 
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proportional  to  the  sine  of  either  angle  between  the  other  two  (Lami's 
theorem) ;  that  is, 

F\ F2 F3 

sin  a  =  sin  a"       sin  $'  =  sin  /3"      sin  7'  =  sin  7" 

where  F\,  F2,  and  F3  are  the  forces,  a  and  a"  the  angles  between  F2  and  F3, 
$'  and  ft"  those  between  Fi  and  F3,  and  7'  and  7"  those  between  Fx  and  F2 
(see  Fig.  47).  For  it  follows  from  the  triangle  of  forces,  ABC  A  (in  which 
AB,  BC,  and  CD  represent  F\,  F2,  and  F3  respectively),  that  AB/sinBCA  = 
£C/sin  Cy45  =  CA/sin  ABC.  But  £C4  =  a',  CAB  =  0',  and  ABC  =  7',  also 
a  and  a",  /3'  and  13",  7'  and  7",  are  supplementary,  hence  sin  a  =  sin  a", 
etc.,  etc.  When  the  three  forces  are  par- 
allel, then  the  two  outer  ones  act  in  the 
same  direction  and  the  middle  one  in  the 
opposite  direction,  and  the  moments  of 
any  two  of  the  forces  about  a  point  on 
the  third  are  equal  in  magnitude  and  op- 
posite in  sense,  or  sign.  (4)  When  four 
coplanar  forces  are  in  equilibrium,  then 
the  resultant  R  of  any  two  of  the  forces 

balances  the  other  two.  Hence,  (a)  if  the  first  two  are  concurrent  and  the 
second  two  also,  then  the  R  passes  through  the  two  points  of  concurrence; 
(b)  if  either  two  are  concurrent  and  the  other  two  parallel,  then  the  resultant 
R  of  the  first  pair  acts  through  the  point  of  concurrence  .and  is  parallel  to 
the  second  pair;  (c)  if  all  four  forces  are  parallel,  then,  R  is  parallel  to 
the  forces.  Principles  (a)  and  (b)  are  useful  in  graphical  analysis  of  four- 
force  systems. 

§  3.   Summary. — The  algebraic  conditions  of  equilibrium  explained  in  detail 
in  the  foregoing  are  brought  together  here  for  convenience  of  reference. 

Coplanar  Forces. 

Colinear,        2F  =  o;  or  XM  =  o. 

Concurrent,  2FX  =  2FV  =  o;  or  SFX  =  ZMa  =  o;  or  ZMa  =  2Mb  =  o. 

Parallel,  SF  =  2M  =  o;  or  ZMa  =  XMb  =  o. 

Nonconcurrent  nonparallel,  2FX  =  2F„  =  XM  =  o;  or 

2FX  =  2Ma  =  2M*  =  o;  or  2Ma  =  2Mb  =  ZMC  =  o. 

Noncoplanar  Forces. 

Concurrent,  2FX  =  2FV  =  2FZ  =  o. 

Parallel,  2F  =  Silfx  =  2Mt  =  o;  or  SMi  =  Sif2  =  2if3  =  o. 

Nonconcurrent  nonparallel,    ZFX  =  2Fy  =  ZFZ  =  2MX  =  2Af„  =  2ilfz=  o. 

The  graphical  conditions  of  equilibrium  for  coplanar  systems:  for  concur- 
rent forces,  the  force  polygon  closes;  for  nonconcurrent  forces,  the  force  and 
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the  string  polygon  close.  There  are  graphical  conditions  of  equilibrium  for 
noncoplanar  forces,  but  their  usefulness  is  very  limited,  and  they  are  there- 
fore not  given  here. 

ii.   Coplanar  Concurrent  Forces  in  Equilibrium 

§  i.  The  general  principles  of  equilibrium  for  such  forces  are  explained 
in  Art.  10  under  (ii).  We  now  show  how  to  apply  the  principles  in  two 
particular  problems. 

Typical  Problem  (i).  —  A  system  of  coplanar  concurrent  forces  is  in 
equilibrium,  and  all  the  forces  except  two  are  wholly  known;  the  lines  of 
action  of  these  are  known,  and  their  magnitudes  and  senses  are  to  be  de- 
termined. The  graphical  method  is  generally  the  simplest  for  solving  this 
problem;  but  if  there  are  only  three  forces  in  the  system,  or  if  the  angle 
between  the  two  unknown  forces  is  90  degrees,  then  the  algebraic  method 
is  simple. 

To  solve  graphically,  we  draw  a  force  polygon  for  all  the  forces,  and 
make  it  close  since  they  are  in  equilibrium;  in  doing  so  the  desired  un- 
knowns will  be  determined.  For  example,  consider  the  forces  acting  on 
the  pin  0  of  the  bridge  truss   partially   represented  in   Fig.  48.     (A  pin 


passes  through  holes  in  the  members,  OF,  OG,  OH,  and  OJ,  thus  fastening 
them  together  at  0.)  There  are  four  forces  acting  on  this  pin,  one  exerted 
by  each  member  named,  and  they  constitute  a  system  in  equilibrium. 
(Strictly,  there  is  a  fifth  force  in  the  system,  the  weight  of  the  pin,  but 
that  is  small  compared  to  the  others  and  is  negligible.)  These  four  forces 
are  coplanar  and  concurrent.  We  assume  that  they  act  in  the  directions 
of  the  members  respectively  (generally  not  far  from  the  fact)  as  shown; 
furthermore,  we  will  suppose  that  the  magnitudes  and  directions  of  two  of 
the  forces  have  been  determined  somehow.  Now  to  determine  the  other 
two,  P  and  Q,  completely:  We  draw  .4.6  to  represent  the  80  ton  force  accord- 
ing to  some  convenient  scale;  and  BC  to  represent  20  tons;  then  from  C,  a 
line  parallel  to  Q,  and  from  A,  a  line  parallel  to  P,  and  mark  their  intersec- 
tion D.  Then  CD  and  DA  represent  the  magnitudes  Q  and  P  respectively; 
and,  since  the  arrowheads  in  the  closed  vector  polygon  must  be  confluent,  Q 
acts  in  the  direction  CD  and  P  in  the  direction  DA .  There  are  other  possible 
force  polygons,  each  giving  the  same  result  as  the  one  explained. 
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To  solve  this  problem  algebraically  we  may  employ  any  one  of  the  three 
sets  of  equations  or  conditions  of  equilibrium  (Art.  10);  namely, 

2FX  =  2FV  =  o,  2FX  =  Silf„  =  o,  or  2Ma  =  2Mb  =  o. 

Taking  the  first  set  and  assuming*  senses  for  P  and  Q  (Fig. 
49),  we  get 

2FX  =  Q  cos  200  +  P  cos  400  +  80  cos  400  =  o,  and 


2F„ 


20  +  Q  sin  200  —  P  sin  400  +  80  sin  400  =  o; 


20  tons 

Fig.  49 


Fig.  50 


solving  these  equations  simultaneously  for  P  and  Q,  we  get  P  =  10.04  and 

(?=  — 73-3  tons. 

When   the   system   is  a   three-force  system,  then  the  special  condition, 

Fi/sm  a  =  Ft/ sin  /3  =  F3/sin  7  (Art.  10),  is,  in  general,  the  simplest  to  apply. 

(Fh  F2  and  F3  denote  the  forces,  and  a  either  angle  between  F2  and  F3,  /3 

either  angle  between  F3  and  Fh  and  7  either  angle  between  F\  and  F2.) 

To  illustrate,  we  discuss  the  forces  acting  upon  a  cylin- 
der which  lies  in  a  trough  formed  by  two  smooth  f  in- 
clined planes  (Fig.  50).  There  are  three  forces  acting  on 
the  cylinder;  namely,  its  own  weight  (100  pounds),  and 
the  two  supporting  forces  F]  and  F2.  Since  the  planes 
are  smooth  Fx  and  F2  act  normally,  and  hence  through 
the  center  of  the  cylinder  as  shown.  It  follows  from  the 
geometry  of  the  figure  that  the  acute  angle  between  F\ 
and  W  =  400,  that  between  F2  and  W  =  8o°,  and  that 

between  F\  and  F2  =  6o°;  hence  Fi/sin  8o°  =  F2/sin  400  =  100/sin  6o°,  or  F\ 

=*  1 13.7  and  F2  =74.2  pounds. 

*  Whenever  a  force  whose  sense  is  unknown  is  to  be  entered  in  a  resolution  or  moment 
equation,  a  sense  should  be  assumed  for  that  force  and  adhered  to  in  the  solution  of  the 
equation.  The  correct  sense  is  indicated  by  the  sign  of  the  computed  value  of  that  force; 
a  positive  sign  indicates  that  the  sense  assumed  is  correct  and  a  negative  sign  that  the 
sense  assumed  is  wrong.  Senses  found  to  be  wrong  are  corrected  in  the  figures  of  the 
book,  by  a  short  line  across  the  assumed  arrowhead  (Fig.  49). 

t  When  two  bodies  are  in  contact,  and  they  exert  forces  upon  each  other  (equal  and 
opposite),  the  forces  are,  in  general,  inclined  to  the  surface  of  contact,  assumed  plane  for 
the  moment.  The  components  of  either  of  the  forces  men- 
tioned along  and  perpendicular  to  the  surface  of  contact  are 
called  friction  and  normal  pressure  respectively.  Fig.  51  fur- 
nishes the  simplest  illustration;  it  represents  a  heavy  body  A 
supported  by  a  rough  surface  B,  and  subjected  to  a  push  P. 
The  surface  B  exerts  a  force  R  on  A  (inclined  as  shown),  and 
the  horizontal  and  vertical  components  of  R  are  the  friction 
and  the  normal  pressure  exerted  by  B  on  A.  Obviously,  this  friction  is  the  resistance  which 
B  offers  to  the  tendency  of  A  to  slide  over  B.  So  long  as  there  is  only  tendency  to 
sliding,  this  friction  equals  the  push  P.  Experience  has  shown  that  the  friction  is  a  maxi- 
mum just  as  sliding  impends,  and  also  that  the  smoother  the  surfaces  of  contact,  the 
smaller  is  the  force  required  to  cause  sliding,  and  hence  the  smaller  this  maximum  resist- 
ance to  sliding.    We  are  thus  led  to  the  conception  of  a  perfectly  smooth  surface  as  one 


W 


B 
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Typical  Problem  (ii).  A  system  of  coplanar  concurrent  forces  is  in 
equilibrium  and  all  except  one  are  wholly  known;  the  magnitude  and  direc- 
tion of  this  one  are  required.  To  solve  this  problem  we  might  determine 
the  resultant  of  the  wholly  known  forces;  this  resultant  reversed  is  the 
desired  force.  But  the  problem  may  also  be  solved  by  means  of  principles 
of  equilibrium,  that  is,  by  applying  the  appropriate  condi- 
tions of  equilibrium  to  the  entire  system  of  forces.  To 
illustrate,  we  determine  the  value  and  direction  of  the  ten- 
sion in  the  cord*  (Fig.  52)  which  supports  a  ring  from 
which  a  body  W  is  suspended,  the  ring  being  subjected  to 
a  force  P  as  shown.  The  forces  acting  on  the  ring  are 
W,  P,  and  the  pull  of  the  long  cord  (equal  to  the  tension), 
and  these  three  forces  are  in  equilibrium.  To  solve  graph- 
ically, we  draw  AB  to  represent  W,  and  BC  to  represent  P; 
then  CA  represents  the  desired  pull  or  tension.  To  solve  algebraically,  we 
call  the  desired  force  F  and  its  inclination  to  the  vertical  6.  Then,  using 
the  conditions  XFX  =  o  and  2F„  =  o,  we  get  20  cos  300  —  F  sin  6  =  o  and 
—  100  -f-  F  cos  0+20  sin  300  =  o;  these 

solved     simultaneously    give     F  =  91.6    <P'    A C E> P^ 

pounds,  and  6  —  io°  54'.  FIG  53 

As  another  example,  we  determine  the 
force  which  the  inclined  plane  (Fig.  54)  exerts  on  the  body  A  when  it  is  sub- 
jected to  a  pull  P  =  20  pounds,  the  plane  being  so  rough  that  motion  does 
not  ensue.  The  weight  of  A  (100  pounds),  P,  and  the  re- 
action R  of  the  plane  are  in  equilibrium;  hence,  using  6  to 
denote  the  inclination  of  R  to  the  plane,  and  resolving  along 
the  plane  and  normal  to  it,  we  get 

20  —  100  sin  30  +  R  cos  6  =  o,  and  R  sin  6  —  100  cos  300  =  o. 

Solving  these  simultaneously,  we  get  R  =  91.7  pounds,  and 
Fig.  54  6  =  700  53'. 

which  can  offer  no  frictional  resistance,  only  normal  reaction.  Such  a  surface  is  of 
course  ideal,  but  there  are  surfaces  which  are  nearly  perfectly  smooth.  For  brevity  we 
will  call  these  smooth,  and  those  whose  resistance  to  sliding  is  to  be  taken  into  account 
will  be  called  rough. 

If  the  surface  of  contact  between  two  bodies  is  curved,  then  we  speak  of  the  friction 
and  normal  pressure  at  any  elementary  portion  of  the  contact,  meaning  the  tangential 
and  normal  components  of  the  pressure  at  that  element.  If  the  contact  between  two 
bodies  is  small,  practically  a  point,  and  they  exert  forces  R  upon  each  other  there,  then 
normal  pressure  means  the  component  of  R  at  right  angles  to  the  plane  which  is  tangent 
to  the  surfaces  at  the  contact,  and  friction  means  the  component  along  that  plane.  If 
one  or  both  the  bodies  is  smooth,  then  any  pressure  exerted  between  the  two  at  any  point 
of  the  contact  is  directed  along  the  normal  there.  (For  fuller  discussion  of  friction  see 
Chapter  IV.) 

*  "  Tension  irt<a  cord  "  refers  to  the  forces  which  two  parts  of  a  taut  cord  exert  upon  each 
other.    Suppose  that  AB  (Fig.  53)  is  a  cord  subjected  to  equal  pulls  at  its  ends,  and  imagine  a 
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§  2.  Many  machines  and  other  devices  consist  of  parts  (members)  more 
or  ]ess  intimately  connected,  and,  in  general,  these  parts  exert  forces  upon 
each  other  when  the  machine  is  in  service.  ,To  determine  these  forces 
seems  a  complicated  problem  (o  most  beginners.  And  yet  in  many  in- 
stances the  whole  problem  can  be  resolved  into  several  simpler  ones,  often 
like  typical  problem  (i),  which  may  be  solved  in  turn  and  thus  furnish 
values  of  the  desired  forces.  In  this  connection  it  will  be  convenient  to 
designate  a  member  of  an}7  device  as  a  one-force  piece  if  only  one  force 
acts  upon  it;  as  a  two -force  piece  if  only  two  forces  act  upon  it;  etc. 
Obviously,  a  one-force  piece  cannot  be  at  rest.  If  a  two-force  piece  is  at 
rest,  then  the  two  forces  acting  upon  it  must  be  equal,  opposite,  and  colinear; 
each  force  acts  in  the  line  joining  their  points  of  application,  and  the  re- 
actions which  the  piece  exerts  (upon  the  members  which  act  upon  it)  also 
act  along  the  same  line.*  If  a  three-force  piece  is  at  rest,  then  the  three 
forces  are  coplanar,  and  concurrent  or  parallel  (Art.  10,  §  2).  If  a  four-force 
piece  is  at  rest,  then  the  resultant  of  any  pair  of  the  four  balances  the  other 
pair.  We  now  illustrate  how  to  resolve  the  apparently  difficult  problem  into 
several  simpler  ones. 

Example.  The  crab-tongs  represented  in  Fig.  55  consist  of  six  pieces 
fastened  together  by  pins  B,B' ,  C,C,  and  D;   angle  ABC  =  100  degrees, 


AB  =  1    foot,   BC  =  1    foot   9    inches,    CD  =  1    foot,   and  BB'  =  3   feet. 

Required  the  forces  which  act  on  each  piece  when    the  tongs  suspend  a 

stone  W  whose  weight  =  1000  pounds,  and  width  A  A'  =  1  foot  6  inches. 

Apparently,  the  trigonometric  relations  between  the  parts  are  not  simple; 

so  we  will  solve  graphically,  and  first  we  draw  (or  lay  out)   the  tongs  to 

scale.     Obviously,  the  supporting  force  at  E  equals  1000  pounds  (weight  of 

plane  of  separation  at  any  place  C  between  the  ends  of  the  cord.  Since  the  part  AC  is  in 
equilibrium,  there  is  a  force  acting  upon  it  at  its  right  end  equal  and  opposite  to  P';  this 
force  is  exerted  by  the  part  BC.  Similarly,  there  is  a  force  acting  upon  BC  at  its  left  end 
equal  and  opposite  to  P";  this  force  is  exerted  by  the  part  AC.  These  two  equal  and 
opposite  forces  at  C  hold  the  parts  AC  and  BC  together.  By  magnitude  of  the  tension 
is  meant  the  magnitude  of  either  of  the  forces. 

*  Action  and  reaction  are  equal,  opposite,  and  colinear  if  they  are  concentrated.  This 
is  a  brief  statement  of  Newton's  Third  Law  of  Motion,  and  it  means  that  when  one  body 
exerts  a  force  upon  another  body  then  the  latter  also  exerts  one  on  the  former,  and  the 
two  forces  are  equal  in  magnitude  and  opposite  in  direction.  By  action  is  meant  either 
of  these  two  forces  and  by  reaction  the  other  one. 
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tongs  neglected).  The  pin  D  is  acted  upon  by  DE,  DC  and  DC,  and, 
since  each  of  these  is  a  two-force  piece,  the  forces  upon  the  pin  act  along 
DE,  DC,  and  DC,  as  shown  at  center.  The  first  force  equals  iooo  pounds 
and  acts  upwards;  determination  of  the  other  two  presents  typical  prob- 
lem (i).  So  we  draw  MN  to  represent  the  iooo  pound  force,  and  from  M 
and  N  lines  parallel  to  the  other  two,  thus  fixing  0;  then  NO  and  OM  rep- 
resent the  magnitudes  of  the  two  forces  (620  pounds).  It  follows  that  DC 
and  DC  are  subjected  to  end  pushes  or  compressions  of  620  pounds.  CBA 
is  a  three-force  piece,  the  forces  being  applied  at  C,  B  and  A.  The  first 
acts  parallel  to  CD  as  shown  and  equals  620  pounds;  the  second  is  exerted 
by  the  two-force  piece  BB',  and  hence  acts  along  BB';  and  the  third  must  be 
concurrent  with  the  first  two  and  so  acts  along  the  straight  line  through  A. 
Determination  of  the  two  unknown  forces  presents  typical  problem  (i).  So 
we  draw  PQ  to  represent  the  620  pound  force,  and  lines  from  P  and  Q 
parallel  to  the  other  two,  thus  fixing  R;  then  QR  represents  the  force  at  A 
(950  pounds),  and  RP  that  at  B  (13 15  pounds).  It  follows  that  the  piece 
BB'  is  subjected  to  end  pulls  of  13 15  pounds. 

12.   Coplanar  Parallel  Forces  in  Equilibrium 

§  1.  Principles  of  equilibrium  for  a  system  of  forces  of  this  kind  are  de- 
veloped in  Art.  10  under  (iii) ;  we  now  show  how  to  apply  them  to  a  common 
problem.     (For  typical  problems  i  and  ii  see  Art.  n.) 

Typical  Problem  (iii).  A  system  of  coplanar  parallel  forces  is  in  equilib- 
rium, and  all  the  forces  except  two  are  wholly  known;  the  lines  of  action 
of  these  two  are  known  and  their  magnitudes  and  senses  are  required. 

The  algebraic  method  is  the  better  one,  by  far,  for  solving  the  problem. 
There  are  two  sets  of  conditions  of  equilibrium  available;  namely,  (1) 
XF  =  2M  =  o,  that  is,  the  algebraic  sum  of  the  forces  and  the  algebraic 
sum  of  the  moments  of  the  forces  each  equal  zero;  and  (2)  XMa  =  2Mb  =  o, 
that  is,  the  moment-sums  for  two  different  origins  equal  zero,  the  line  join- 
ing the  origins  not  to  be  parallel  to  the  forces.  Either  set  will  furnish  a 
solution  of  the  problem.    The  second  set  is  recommended,  and  the  origins 

of  moments  a  and  b  should  be  taken  on 
eooo'ftj.  loooibs.      3oooibs.  the  lines  of  action  of  the  two  unknown 

I 1     A       i _B       forces.     For  example,  consider  the  beam 

represented  in  Fig.  56  under  the  action 
of  three  loads  (its  own  weight  neglected), 
Fig.  56  and  supported  at  A  and  B;  required,  the 

reactions  of  the  two  supports.  The  five 
forces  just  mentioned  constitute  a  system  in  equilibrium;  therefore,  taking 
moment  origins  on  Ri  and  R2  respectively,  and  assuming  that  Ri  and  R2  act 
upwards,  we  get 

2Mi  =  2000  X  6  +  iooo  X  2  —  3000  X  3  +  i?2  X  10  =  o, 
and         2M2  =  2000  X 16  +  iooo  X 12  +  3000  X  7  —  Ri  X  10  =  o. 


|<_..4'„.>|<.2'-><~3-->|<- 7' > 
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The  first  gives  R2=  —  $oo  pounds,  and  the  second  Ri  =  6500;  the  negative 
sign  means  that  R2  acts  downward  on  the  beam  and  not  upward,  as  as- 
sumed.   As  a  check  on  the  solution  we  try  whether  2F  =  o;  thus, 

—  2000  —  1000  —  3000  -f-  6500  —  500  =  o. 

The  graphical  solution  of  the  foregoing  problem  is  based  on  the  conditions 
that  the  force  and  the  string  polygon  for  the  forces  close;  the  process  of 
constructing  and  closing  the  polygons  determines  the  unknown  forces.  To 
illustrate  we  take  the  beam  shown  in  Figs.  56  and  57  and  determine  the 
reactions.  First,  the  force  polygon  should  be  drawn  as  far  as  possible, 
the  knowns  represented  first,  thus  AB,  BC,  and  CD  (Fig.  58)  representing 
the  2000,  the  1000,  and  3000  pound  forces  respectively;  then  the  lines  of 
action  should  be  lettered  to  correspond,  ab,  be,  and  cd  (Fig.  57).  If  R2,  say, 
is  taken  next,  it  would  be  lettered  DE,  and  Ri  would  be  EA,  since  the  force 


ZOOOIbs.  lOOOIbs.        3000  lbs 


EOOOIbs.  ,000,bs         30001bs. 


Fig.  57 


Fig.  58 


Fig.  59 


polygon  for  all  must  close.  It  remains  now  to  locate  E;  this  can  be  done  by 
means  of  the  string  polygon.  (At  this  point  it  may  be  well  for  the  reader 
to  recall  the  significance  of  the  strings  of  a  string  polygon;  see  Art.  6.) 
The  polygon  may  be  started  at  any  point  on  any  of  the  lines  of  action  of 
the  forces  of  the  system;  if  it  be  started  at  i  (on  ab),  then  strings  oa  and 
ob  must  be  drawn  through  that  point;  oc  must  be  drawn  from  2  (where  ob 
cuts  be),  od  from  3  (where  oc  cuts  cd),  and  oe  from  4  (where  od  cuts  de)  and 
from  5  (where  oa  cuts  ea) ;  hence  the  closing  string  oe  passes  through  4  and 
5.  Finally,  the  ray  OE,  parallel  to  oe,  is  drawn,  thus  determining  E;  DE 
represents  R2,  and  EA  Ri.  Fig.  59  shows  another  solution;  Ri  is  taken  as 
the  fourth  force  DE',  and  R2  as  the  fifth  E'A. 

§  2.  We  take  this  opportunity  to  mention  a  class  of  problems  on  forces 
in  equilibrium,  not  parallel  necessarily,  which  cannot  be  solved  by  the 
principles  of  statics  alone,  and  are  therefore  called  statically  indeterminate 
problems.  A  beam  resting  on  more  than  two  supports  furnishes  a  simple 
illustration;  thus,  let  it  be  required  to  determine  the  reactions  of  the  sup- 
ports (A,  B,  and  C)  on  the  beam  represented  in  Fig.  60,  due  to  the  two 
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loads.  If  not  already  warned  of  the  difficulty  in  this  problem,  some  stu- 
dents would  probably  write  moment  equations  for  the  forces  in  equilibrium 
(Pi,  P2,  Pi,  P2,  and  P3),  with  moment  origins  at  A,  B,  and  C,  and  then 
attempt    to  solve   the    equations  simultaneously   for   the   three   unknowns. 

Such  attempt  would  fail,  even  though  each 
I  P.  ■  "Fe.  equation   would   be    correct,    because    the 

1 * z * r       three   would   not  be  independent  —  there 

Ir,  'r2  'r3     being  only  two  conditions  of  equilibrium 

Fig.  60  f°r  a  system  of  the  kind  under  considera- 

tion (Art.  10  under  iv)  —  and  so  the  three 
equations  would  not  determine  the  three  unknowns.  Doubters  are  advised 
to  try  to  determine  Pi,  P2,  and  P3  in  this  way  in  the  simple  case  where  the 
spans  and  the  loads  are  equal,  and  the  loads  are  applied  at  the  centers  of 
the  spans. 

How  may  one  determine  whether  a  given  problem  (a  force  system  in 
equilibrium  with  some  unknowns  required)  is  statically  determinate  or 
indeterminate?  A  complete  answer  to  the  question  is  beyond  the  scope 
of  this  book;  we  may  remark,  however,  that  statically  indeterminate  prob- 
lems commonly  arise  in  connection  with  structures  which  have  redundant 
or  superfluous  parts  or  supports,  by  which  is  meant  that  some  of  the  parts 
or  supports  are  not  strictly  necessary  for  the  equilibrium  of  the  structure. 
For  example,  in  Fig.  60  one  support  is  superfluous,  since  the  beam  on  two 
supports  would,  if  strong  enough,  support  the  load.  No  statically  inde- 
terminate problems  are  given  in  this  book  without  notice;  but  the  student 
may  meet  a  force  system  in  equilibrium  containing  many  unknowns,  and 
he  is  now  reminded  that  it  is  futile  to  write  out  more  equilibrium  equations 
than  there  are  algebraic  conditions  of  equilibrium  for  the  system  under 
consideration  (Art.  10),  with  the  expectation  that  the  equations  if  solved  will 
determine  the  unknowns.  And  so  it  is  well  to  know  the  number  of  con- 
ditions of  equilibrium  for  each  class  of  force  systems. 


13.   Coplanar  Nonconcurrent  Nonparallel  Forces 

Principles  of  equilibrium  for  a  force  system  of  this  kind  are  developed  in 
Art.  10  under  (iv).  Their  use  will  be  explained  now  by  applying  them  to 
two  particular  common  problems. 

§  1.  Typical  Problem  (iv).  —  A  system  of  coplanar  nonconcurrent  non- 
parallel  forces  is  in  equilibrium,  and  all  except  two  are  wholly  known;  only 
the  line  of  action  of  one  of  these  two  and  a  point  in  that  of  the  other  are 
known,  and  it  is  required  that  these  two  be  determined  completely. 

The  algebraic  solution  of  this  problem  can  be  effected  by  means  of  any  one 
of  these  sets  of  equilibrium  equations: 

2FX  =  2P„  =  XM  =  o;  2FX  =  2Ma  =  2M6  =  o;  2M„  =  2M6  =  21Te  =  o. 
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For  an  example,  consider  the  roof  truss  represented  in  Fig.  61.     It  sustains 

two  loads,  35,000  (weight  of  roof  and  truss)  and  50,000  pounds  (wind  pressure). 

The  left  end  of  the  truss  merely  rests  on  a 

wall,  but  the  right  end  is  fastened  to  a  wall; 

therefore  the  reaction  of  the  left-hand  wall 

must  be  vertical,  but  that  of  the  other  may 

be  inclined.    Let  it  be  required  to  determine 

these  reactions.    We  call  the  left  reaction  A, 

the  right  one  B,  and  the  inclination  of  B 

to  the  horizontal  6.     Then  the  first  set  of 

equilibrium  equations  gives  I,Mb  =  +35,000  X  45  +  50,000  X  (60  cos  300)  — 

A  X  90  =  o,  or  A  —  46,400  pounds.     2FX  =  —B  cos  6  +  50,000  sin  300  =  o, 

and   2FV  =  -\-B  sin  6  —  50,000  cos  300  —  35,000  -f  46,400  =  o;    these  solved 

simultaneously  give  B  =  40,500  pounds  and  d  =  510  54'. 

For  algebraic  solutions,  it  is  generally  advisable  to  imagine  the  second 
unknown  force,  whose  point  of  application  is  known,  to  be  replaced  by  two 
(unknown)  components.  Then  the  problem  is  in  the  form  of  typical  problem 
(v)  (see  next  page) .  Thus,  in  the  preceding  example  the  unknowns  would  be  A 
and,  instead  of  B  and  6,  Bx  and  Bv.  After  finding  Bx  and  By,  one  could  easily 
get  B  and  6. 

The  graphical  solution  of  this  problem  is  effected  by  drawing  the  force  and 
the  string  polygons,  making  both  close  since  the  force  system  is  in  equilibrium. 


35,000  lbs. 


To  illustrate  we  use  the  preceding 
example.  We  first  draw  the  polygon 
ABC  (Fig.  62)  for  the  known  forces, 
and  continue  it  with  a  line  through 
C  parallel  to  the  left-hand  reaction. 
The  end  of  that  line,  as  yet  unknown, 
is  to  be  marked  D;  that  point  once 
determined,  then  DA  will  represent 
the  right-hand  reaction.  To  find  D  we  must  construct  a  string  polygon;  so 
we  next  mark  the  lines  of  action  of  the  several  forces  to  agree  with  the  nota- 
tion in  the  force  polygon,  choose  a  pole  0,  and  draw  the  rays  OA,  OB,  and 
OC.  To  make  use  of  the  known  point  1  of  the  fourth  force  (right-hand  reac- 
tion), the  string  polygon  must  be  begun  at  that  point.  The  string  oa  is  the 
one  to  draw  through  that  point  (to  ab),  and  then  ob  and  oc  as  shown.  The 
string  od  must  pass  through  points  1  and  4,  and  so  is  determined.  Next  we 
draw  the  ray  OD  (parallel  to  od),  and  thus  determine  D  (the  intersection  of 
CD  and  OD). 

The  following  special  graphical  method  is  simpler  in  principle  than  the  pre- 
ceding method:  Let  R  =  the  resultant  of  the  wholly  known  forces,  P  =  the 
force  whose  line  of  action  is  known,  and  Q  =  the  force  whose  point  of  applica- 
tion is  known.  Find  R,  and  then  imagine  the  wholly  known  forces  replaced 
by  R;  R,  P,  and  Q  would  be  in  equilibrium.     Now  a  balanced  three-force 
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Fig.  63 


system  is  concurrent  or  parallel  (Art.  10,  §  2) ;  hence  if  R  intersects  P,  then 
Q  acts  through  that  point  of  intersection,  and  if  R  is  parallel  to  P,  then  Q  is 
also.  If  the  three  forces  are  concurrent,  then  determine  P  and  Q  from  the 
force  triangle  for  the  three  forces  as  explained  in  Art.  n;  if  they  are  parallel, 
determine  P  and  Q  as  explained  in  Art.  12.  To  illustrate,  we  use  the  data 
of  the  foregoing  example.  First  we  draw  AB  and  BC  (Fig.  63),  to  represent 
the  two  loads;  then  AC  represents  the  magnitude  and  direction  of  their 
resultant  R.    The  line  of  action  of  R  is  ac,  parallel  to  AC  and  passing  through 

the  intersection  of  ab  and  be.  (When 
the  wholly  known  forces  are  noncon- 
current  it  is  necessary,  to  construct  a 
string  polygon  to  find  a  point  in  the  line 
of  action  of  R,  see  Art.  6.)  We  next 
extend  the  lines  of  action  of  R  and  P, 
and  join  their  intersection  with  the  point 
of  application  of  Q;  this  line  is  the  line 
of  action  of  Q.  Finally  we  complete  the  force  triangle  AC  DA  for  R,  P,  and 
Q;  then  CD-=  P  and  DA  =  Q. 

§2.  Typical  Problem  (v).  —  A  system  of  coplanar  nonconcurrent  non- 
parallel  forces  is  in  equilibrium,  and  all  the  forces  except  three  are  wholly 
known;  only  the  lines  of  action  of  these  three  are  known,  and  their  magni- 
tudes and  senses  are  required.* 

The  algebraic  solution  of  this  problem  can  be  effected  by  means  of  any  one 
of  these  three  sets  of  equilibrium  equations: 

2FX  =  2FV  =  2M  =  o;  2FX  =  SMa  =  Zilf  6  =  o;  or  Sifcf „  =  2M&  =  2MC  =  o. 

For  example,  consider  the  crane  represented  in  Fig.  64.  It  consists  of  a  post 
AB,  a.  boom  CD,  and  a  brace  EF;  the  post  rests  in  a  depression  in  the  floor 
below,  and  against  the  side  of  a  hole  in  the 
floor  above.  The  external  forces  acting  on 
the  crane  consist  of  the  load  W  (8  tons),  the 
weights  of  the  parts  named  (0.8,  0.9,  and  1.1 
tons  respectively),  and  the  reactions  of  the 
floors.  The  upper  floor  exerts  a  single  hori- 
zontal force  on  the  post;  the  lower  floor 
exerts  two  forces  on  the  post,  one  horizontal 
and  one  vertical.  Let  it  be  required  to  de- 
termine the  magnitudes  of  these  reactions. 
The  entire  external  system  of  forces  just 
described  is  in  equilibrium.  Calling  the  reactions  A,  Bx,  and  Bv  respectively, 
then  the  first  set  of  equilibrium  equations  become:  2  If  a  =  —8  X  20  — 
0.9  X  n  -  1.1  X  7  +  Bx  X  18  =  o,  or  Bx  =  9.86;  2FS  =  9.86  -  A  =  o,  or 
A  =  9.86;  ZFy  =  By  —  8.0  —  0.8  —  0.9  —  1.1  =  o,  or  By  =  10.8  tons. 

*  If  the  three  unknown  forces  are  concurrent  or  parallel,  the  problem  is  indeterminate. 
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The  general  graphical  solution  is  carried  out  as  follows:  Let  P,  Q,  and  5 
stand  for  the  three  forces  whose  lines  of  action  only  are  known.  Imagine  any 
two  of  these,  say  P  and  Q,  replaced  by  their  resultant  R';  one  point  in  that 
resultant  is  known,  the  intersection  of  P  and  Q.  Then  S,  R',  and  the  known 
forces  would  be  in  equilibrium,  and  the  given  problem  has  been  transformed 
to  typical  problem  iv.  So  we  first  determine  S  and  R',  as  explained  in  §  1, 
and  then  resolve  R'  into  two  components  parallel  to  P  and  Q;  these  compo- 
nents are  P  and  Q.  To  illustrate,  we  take  the  preceding  example,  and  we  call 
the  two  lower  reactions  P  and  Q,  and  the  upper  one  5  (Fig.  65).  The  resultant 
R'  of  P  and  Q  passes  through  the  lower 
end  of  the  post.  We  draw  the  polygon 
ABCDE  for  the  knowns,  and  continue 
it  with  a  line  parallel  to  S.  The  as 
yet  unknown  end  of  that  line  is  to  be 
marked  F;  that  point  once  determined, 
then  FA  will  represent  R',  since  the 
polygon  for  all  the  forces  must  close. 
To  find  F  we  must  construct  a  string 
polygon;  so  we  mark  the  lines  of  ac- 
tion of  the  several  forces  to  agree  with 
the  notation  in  the  force  polygon,  choose  Fig.  65 

a  pole  0,  and  draw  rays  OA,  OB,  OC, 

OD,  and  OE.  The  string  polygon  must  be  begun  at  the  lower  end  of  the 
post,  the  point  of  application  of  FA  or  R' .  The  strings  to  pass  through 
that  point  are  of  and  oa  (Art.  6),  and  so  we  draw  oa  to  ab;  then  ob,  oc,  od,  and 
oe  as  shown.  Now  point  1  is  in  of,  and  point  6  is  also;  therefore  of  is  deter- 
mined. The  ray  OF  is  drawn  next  (parallel  to  of),  thus  determining  .F;  then 
EF  and  FA  represent  S  and  R',  as  already  stated.  Finally  we  draw  through 
F  a  vertical  and  through  A  a  horizontal;  then  FG  and  GA  represent  the 
vertical  and  horizontal  reactions  (P  and  Q)  of  the  lower  floor. 

The  following  special  graphical  method 
is  simpler  in  principle  than  the  preced- 
ing: First  we  determine  the  resultant  R 
of  the  wholly  known  forces;  R  and  the 
three  partly  unknown  forces  (P,  Q,  and 
S)  would  be  in  equilibrium.  The  special 
condition  of  equilibrium  for  four  such 
forces  is  that  the  resultant  R'  of  any 
pair  as  P  and  Q  balances  the  other  pair; 
hence  R'  and  the  other  pair  {R  and  S) 
are  in  equilibrium,  and  so  must  be  con- 
current or  parallel.  Next  we  solve  the 
system  R',  R,  and  5  (if  concurrent  by  Art.  n,  and  if  parallel  by  Art.  12). 
Finally  we  complete  the  force  polygon  for  R,  S,  P,  and  Q.    For  an  illus- 
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tration  we  take  the  preceding  example.  Let  the  two  lower  reactions  be 
called  P  and  Q,  and  the  upper  one  S  (Fig.  66).  The  resultant  R  of  the 
loads  is  10.8  tons  acting  as  shown  (construction  for  R  is  indicated).  The 
resultant  R'  acts  through  point  i;  and,  since  R  and  S  are  concurrent  at 
point  2,  R'  acts  through  point  2  also.  We  now  draw  the  force  triangle  AEFA 
for  R,  S,  and  R' ,  AE  representing  R;  then  EF  represents  S.  Finally  we  draw 
lines  from  A  and  F  parallel  to  Q  and  P,  thus  fixing  G;  and  then  FG  represents 
P,  and  GA  represents  Q. 

14.   Noncoplanar  Forces  in  Equilibrium 

§  1.  The  principles  of  equilibrium  for  noncoplanar  forces  are  set  forth  in 
Art.  10  under  (v),  (vi),  and  (vii).  The  three  following  illustrations  deal  with 
concurrent,  parallel,  and  nonconcurrent  nonparallel  forces  respectively. 

(i)  A  heavy  body  W  (Fig.  67)  weighing  1000  pounds  is  suspended  from  a 
ring  over  the  center  of  a  street  60  feet  wide;   the  ring  is  supported  by  three 

ropes  OA,  OB,  and  OC;  A  and  B  are  points 
on  the  face  of  a  building  as  shown,  and  C  is 
a  point  on  the  face  of  a  building  (not  shown) 
on  the  opposite  side  of  the  street,  OC  being 
perpendicular  to  the  face  of  the  buildings. 
Values  of  the  tensions  in  the  ropes  are  required. 
There  are  four  forces  acting  on  the  ring, — 
the  pull  of  1000  pounds,  and  the  pulls  of  the 
three  ropes  which  we  call  L,  M,  and  N  respec- 
tively; this  system  is  concurrent.  To  deter- 
mine the  unknown  forces  in  it,  we  use  the 
conditions  that  the  algebraic  sums  of  the  com- 
ponents along  three  rectangular  axes  equal 
zero;  as  axes  we  choose  a  vertical  line  and 
two  horizontal  lines,  one  parallel  and  one 
To  get  the  components  of  L,  M,  and  N,  we  need 
values  of  certain  angles:  A'OC'  =  tan"1  A'C/OC'  =  2 8°  4';  AOA'=  tan"1 
AA'/OA'=  300  28';  B'OC'=  tan-1  B'C'/OC'=  380  40';  BOB' =  tan"1  BB'/OB' 
=  460  11'.  The  x,  y,  and  z  components,  respectively,  of  L  are  L  cos  300  28' 
sin  280  4'  =  0.405  L,  L  sin  300  28'=  0.507  L,  and  L  cos  300  28'  cos  280  4'  = 
0.760  L;  of  M  they  are  M  COS460  11'  sin  38°4o'=  0.4325  M,  M  sin  460  n'  = 
0.721  M,  and  M  cos  460  n'  cos  380  40'=  0.5405  M ;  of  N  they  are  0,  0,  and 
N;  of  the  1000-pound  pull  they  are  o,  1000,  and  o.  The  algebraic  sums 
of  the  x,  y,  and  z  components  are 

—  0.405  L  -j-  0.4325  M  +  o  +  o  =0  , 
+0.507  L  +  0.721  M  -f-  o  —  1000  =  o, 

—  0.760  L  —  0.5405  M  +  N  +  o  =  o. 

Solving  these  equations  simultaneously,  we  find  that  L  =  846,  M=  792,  and 
N=  1072  pounds. 


Fig.  67 
transverse  to  the  street 
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(ii)  A  body  weighing  1000  pounds  is  suspended  from  the  ceiling  of  a  room 
by  means  of  three  vertical  ropes;  the  points  of  attachment  at  the  ceiling  lie 
at  the  vertices  of  an  equilateral  triangle  ABC  (Fig. 
68)  whose  sides  are  10  feet  long;  W  is  the  projection 
of  the  center  of  gravity  of  the  body  upon  the  ceiling. 
The  tension  '  in  each  rope  is  required.  We  call  the 
tensions  in  the  ropes  fastened  at  A,  B,  and  C,  respec- 
tively, L,  M,  and  N.  The  four  forces  acting  on  the 
body  constitute  a  parallel  system;  the  conditions  of 
equilibrium  for  such  are  that  the  sums  of  the  moments 
of  the  forces  about  any  three  coplanar  nonparallel  axes  perpendicular  to  the 
forces  equal  zero.  The  lines  AB,  BC,  and  CA  are  good  lines  to  choose  as 
axes  of  moments.  With  respect  to  these  lines  the  moment  equations  are 
respectively,  N  X  8.66  —  1000  X  2.10  =  o,  L  X  8.66  —  1000  X  4.15  =  o,  and 
M  X  8.66  —  1000  X  2.41  =  o,  8.66  being  the  altitude  of  the  triangle.  Solu- 
tion of  these  equations  shows  that  L  =  479,  M  =  278,  and  N  =  243  pounds. 

(iii)  Fig.  69  shows  a  velocipede  crane.     The  crane  can  be  run  along  on  a 
single  rail  below,  tipping  being  prevented  by  two  overhead  rails  which  guide 

a  horizontal  wheel  mounted  on  the  top 
of  the  crane  post.  The  crane  weighs 
1.25  tons,  and  it  is  balanced  so  that  its 
center  of  gravity  is  in  the  axis  of  the 
post.  We  will  now  show  how  to  deter- 
mine the  supporting  forces  (exerted  by 
the  rails)  when  the  crane  supports  a 
load  of  1.5  tons 
and  the  jib  is 
swung  out  at 
right  angles  to 
the  rails  to- 
ward the  left 
:    (Fig.  70). 

There  are 
three  support- 
ing forces  or 
reactions,  one 
on  each  wheel. 
Since  the  lower 
rail  is  level,  the 

crane  does  not  tend  to  roll,  and  there  is  no  reaction  of  the  rails  in  their 
direction.  The  reaction  of  the  upper  rail  is  directed  horizontally  and  evi- 
dently as  shown;  the  reaction  on  each  lower  wheel  has  two  components 
as  shown.  We  call  these  component  reactions  Ax,  Ay,  Bx,  and  By,  and  the 
upper  reaction  C.     The  external  system  of  forces  acting  on  the  entire  crane 
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consist  of  the  reactions  named,  the  weight  of  the  crane,  and  the  load.  For 
noncoplanar  nonconcurrent  nonparallel  systems  there  are,  in  general,  six  con- 
ditions of  equilibrium,  but  this  system  has  only  five  because  there  are  no 
"  z  forces  "  (see  the  figure).    The  five  conditions  of  equilibrium  are 

SFX   =Ax  +  Bx-C  =  o;  (i) 

XFy   =  +Ay  +  BV-  1.25  -  1.5  =  o;  (2) 

SAf^^X  10- 1.25X6- 1.5X6  =  0;  (3) 

XMV  =  C  X  6  -  Bx  X  10  =  o;  (4) 

2MZ  =  C  X  16  -  1.5  X  6  =  o.  (5) 

From  (5)  it  follows  that  C  =  5.625  tons;  from  (4),  that  Bx  =  3.375  tons; 
from  (1),  that  Ax  =  2.25  tons;  from  (3),  that  By  =  1.65  tons;  and  from  (2), 
that  Ay 


1. 10  tons. 


1.25s 'tons 


TY 


1.5  '"tons 


1.25' 'tons 


End  Elevation. 


We  now  give  another  solution,  making  use  of  the  principle  that  if  the  forces 
of  a  system  in  equilibrium  be  represented  by  vectors,  then  the  projection  of 

the  vectors  on  any  plane  represents  a 
force  system  also  in  equilibrium  (see 
Art.  10  under  (vii)).  Fig.  71  shows 
such  projections  on  the  x-y,  y-z,  and  z-x 
planes  of  Fig.  70.  From  the  y-z  pro- 
jection (side  elevation),  2, Ma  =  By  X 
10  —  2.75  X  6  =  o  or  By  =  1.65  tons; 
and  ZAf b  =  —  Ay  X 10  -f-  2.75  X  4  =  o, 
or  Ay  =  1. 10  tons.  From  the  x-y  projec- 
tion (end  elevation),  2Ma  =  C  X  16  — 
1.5  X  6  =  o,  or  C  =  5.625  tons.  From 
the  z-x  projection  (plan) ,  2Ma  =  —  BxX 
10  +  5.625  X  6  =  o,  or  Bx  =  2.375  tons; 
and  2Mb  =—AxX  10  +  5.625  X  4  =  o, 
or  Ax  =  2.25  tons. 

§  2.  A  noncoplanar  system  can  gen- 
erally be  solved  by  means  of  an  equivalent  coplanar  system.  This  indirect 
method  is  regarded  as  simpler  than  the  direct  one  when  the  forces  of  the  non- 
coplanar system  are  nonparallel.    The  two  following  examples  will  illustrate. 

For  one  example  we  use  the  data 
of  example  (i).  Instead  of  ropes  OA 
and  OB  (Fig.  67),  imagine  a  rope  00' 
in  the  plane  of  those  ropes,  and  also 
in  the  same  vertical  plane  with  COC. 
Such  a  rope  fastened  to  0  and  to  the 
building  at  0'  would  help  to  support 
the  ring  in  its  place,  and  would  leave 
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Fig.  72 


the  tension  in  OC  unchanged.    Thus  the  ring  would  be  acted  upon  by  three 
forces, — 1000,  N,  and  the  pull  P  of  the  new  rope  (Fig.  72).    A  force  tri- 
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angle,  FGHF,  for  these  forces  shows  that  the  pull  N  =  1070  and  P  =  1460 
pounds.  We  next  lay  out  the  ropes  OA,  OB,  and  00'  in  their  true  relations, 
and  then  we  resolve  the  pull  1460  in  the  imaginary  rope  into  components 
along  the  real  ropes.  Thus  we  lay  off  OQ  equal  to  1460,  and  then  on 
the  diagonal  OQ  complete  the  parallelogram  OMQN;  and  find  OM  and  ON, 
representing  the  tensions  in  the  real  ropes,  860  and  790  pounds. 

For  another  illustration  we  take  a  tripod  (Fig.  73),  shown  in  plan  and  eleva- 
tion. The  requirement  is  to  determine  the  forces  acting  at  the  top  of  each  leg 
of  the  tripod  due  to  a  load  of  1000  pounds.  On  account  of  this  load,  each  leg 
is  under  the  action  of  two  forces,  one  applied  at  each  end  of  that  leg,  and  so 
those  two  forces  act  along  the  axis  of  the  leg.  We  imagine  a  single  leg  in  the 
plane  of  any  two,  and  in  the  same  vertical  plane  with 
the  third,  to  replace  the  two;  thus  OD  to  replace  OA 
and  OB.  Then  there  would  be  three  forces  applied 
to  the  pin  at  0,  namely,  the  load  1000  pounds,  and 
the  supporting  forces  exerted  by  OC  and  OD.  So  we 
draw  a  force  triangle  for  these  three  forces  FGHF; 
it  shows  that  the  push  of  OC  is  GH  =  565,  and 
that  of  OD  is  HF  =  650  pounds.  Next  we  lay  out 
the  other  pair  of  legs  and  the  imaginary  one  in  their 
true  relation  0" A" ,  0"B",  and  0"D",  and  make 
0"P  =  HF  =  650  pounds;  then  resolve  0"P  into 
two  components  along  the  pair  0" A"  and  0"B"  by 
means  of  a  parallelogram  0"MPN.  Thus  we  find  that 
0"M  and  0"N  represent  the  pushes  of  AO  and  BO, 
or  340  pounds. 
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CHAPTER   III 

SIMPLE   STRUCTURES 

15.   Simple  Frameworks  (Truss  Type) 

§  1.  The  frames  herein  considered  consist  of  straight  members,  and  the 
axes  of  all  the  members  lie  in  one  plane;  such  are  called  plane  frames,  and 
the  plane  of  the  axes  is  called  the  plane  of  the  frame.  In  order  to  make  the 
axes  of  all  members  lie  in  one  plane,  and  the  truss  symmetrical  with  respect 
to  that  plane,  some  of  the  members  must  be  made  in  parts  or  with  forked 

ends.  For  example  see  Fig.  74,  which  shows  plan 
and  elevation  of  a  joint  of  a  frame  at  which  four 
members  are  pinned  together,  one  vertical  (double), 
one  diagonal  D  (single),  and  two  horizontals  Hi  and 
Hi  (each  double). 

Wooden  members  are  generally  bolted  together 
with  more  or  less  mortising;  steel  members  are  riv- 
eted together  or  joined  by  pins  through  holes  in  the 
members,  the  axes  of  pins  and  holes  being  perpen- 
dicular to  the  plane  of  the  frame.  All  frames  here 
considered  are  assumed  to  be  of  the  pin-connected 
type;  and,  furthermore,  it  is  assumed  that  each 
member  connects  only  two  joints,  that  is,  extends  from  one  joint  to  another 
but  not  also  to  a  third  one. 

In  such  pin-connected  frames,  the  lines  of  action  of  the  pin  pressures  (forces 
exerted  by  pins  on  the  members)  are  in  or  parallel  to  the  plane  of  the  frame. 
Thus,  the  resultant  pressure  of  the  pin  on  the  diagonal  member  D  (Fig.  74)  is 
clearly  in  the  plane;  the  pin  exerts  on  the  vertical  member  two  forces  which, 
on  account  of  the  symmetrical  arrangement,  are  equal,  parallel,  and  equally 
distant  from  the  plane,  and  therefore  the  resultant  of  these  two  forces  lies  in 
the  plane;  and  obviously  the  resultant  of  the  forces  exerted  by  a  pin  on  each 
horizontal  member  lies  in  the  plane.  Thus  all  resultant  pin  pressures  will  be 
regarded  as  lying  in  the  same  plane,  and  we  will  have  only  coplanar  forces  to 
deal  with  in  the  present  connection.  We  assume  that  the  pins  are  practically 
frictionless;  in  that  case  each  pin  pressure  acts  practically  normally  to  the 
surface  of  the  pin,  and  so  the  line  of  action  of  each  pressure  cuts  the  axis  of 
the  corresponding  pin. 

In  this  and  the  following  articles  we  assume  that  the  loads  are  applied  to 
the  frame  at  its  joints  only,  and  in  such  manner  that  the  line  of  action  of  each 
load  cuts  the  axis  of  the  pin  at  the  joint.     Then  each  member,  if  its  own  weight 
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is  neglected,  is  subjected  to  forces  (pin  pressures  and  loads)  at  its  two  pin 
holes  only,  somewhat  as  shown  in  Fig.  75  or  Fig.  76,  where  P'  and  P"  denote 
pin  pressures  and  L'  and  L"  loads.  Let  R'  denote  the  resultant  of  P'  and  L', 
and  R"  the  resultant  of  P"  and  L" .     Since  R!  and  R"  balance,  each  acts  along 

p\l  :  Ia,« 

Tension 

R1  m  A        B  n  R" 

Fig.  75  Fig.  76 

the  axis  of  the  member,  and  hence  each  member  is  under  simple  tension  or 
compression.  Any  two  parts  of  the  member,  as  m  and  n,  exert  equal  and 
opposite  forces  upon  each  other;  A  (Figs.  75  and  76)  denotes  the  force 
exerted  on  m  by  n,  and  B  that  exerted  on  n  by  m.  Since  A  balances  R' ,  and 
B  balances  R" ,  A  and  B  also  act  along  the  axis  of  the  member.  And 
obviously,  if  R'  and  R"  are  pushes  (the  member  in  compression),  then  A 
and  B  are  pushes;  and  if  R'  and  R"  are  pulls  (member  is  in  tension),  then 
A  and  B  are  pulls.  And  conversely,  if  A  and  B  are  pushes,  then  the  member 
is  in  compression;  and  if  pulls,  then  in  tension.  By  stress  in  a  member  is 
meant  either  of  the  two  forces  which  two  portions,  as  m  and  n,  exert  upon 
each  other.*  We  are  now  ready  to  explain  a  method  for  determining  the 
stresses  in  the  members  of  a  simple  truss  due  to  given  loads ;  we  begin  with  an 
Example.  —  Fig.  77  represents  a  truss  supported  at  each  end;  the  angles 
equal  60  degrees;  it  sustains  two  loads  of  2000 

pounds  each  and  one  of  1000  pounds.     First,  I000|lb5-  (         ^000|lbs- 

it  is  necessary  to  ascertain  the  values  of  the  /\    /         \    A 

reactions   A    and    B.      Since   all    the   external  /  "\  / "\ 

forces  acting  on  the  truss  (loads  and  reactions)        V  \'"V  \— 

are  in  equilibrium,  XM  4  =  B  X  40  —  2000  X     A/    \         /   \C/  \         /  \b 

A ' 1 ' ' A 

30  —  1000  X  10  —  2000  X  20  =  o,  or  B  =  2750  ,2000j,b5-         , 

pounds;    and   2Mb  =  -A  X  40  +  "20 _>1<" 20  

Fig    77 
1000  X  30  +  2000  X  10  +  2000  x 

20  =  o,    or    A  =  2250.      ZF  =  2250  -f-  2750  —  2000  —  2000  — 

1000  =  o,  which  result  checks  the  computed  values  of  A  and  B. 

We  now  direct  our  attention  to  the  joint  A,  the  small  part  of 

truss  near  A   (or  "  pass  a  section  "  about  A  and  consider  that 

part  of  the  truss  within  the  section),  and  then  note  all  the  forces  acting  on 

that  part  (see  Fig.  78).     There  are  three  such  forces,  —  the  reaction  2250 

*  The  term  stress  is  defined  variously.  Some  writers  use  it  to  designate  the  forces  which 
any  two  different  bodies  or  any  two  parts  of  the  same  body  exert  upon  each  other;  that  is 
they  use  it  as  a  general  term  for  an  "action  and  reaction"  (Art.  n).  Most  engineers,  how- 
ever, use  the  term  in  a  more  restricted  sense  to  designate  the  force  which  one  part  of  a  body 
exerts  upon  an  adjacent  part  at  the  surface  of  division. 
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pounds,  and  the  two  forces  exerted  upon  the  part  under  consideration  by  the 
remainder  of  the  truss;  they  are  marked  Fi  and  F2,  and  both  are  assumed  to 
be  pulls.*  This  part  of  the  truss,  as  well  as  every  other  part,  is  at  rest,  and 
so  the  three  forces  are  in  equilibrium.  Determination  of  the  unknown  forces 
Ft  and  F2  presents  typical  problem  (i),  (Art.  n).  We  choose  the  algebraic 
method  for  solving:  2Fj,  =  F2  sin  6o°  +  2250  =  o,  or  F2  =  —2600;  the 
negative  sign  indicates  that  F2  is  really  a  push,  that  is,  the  stress  is  com- 
pressive. 2FX  =  Fi  —  2600  cos  6o°  =  o,  or  Fi  =  +1300;  the  positive  sign 
indicates  that  the  stress  is  tensile.  Passing  a  section  around  B,  and  consider- 
ing the  forces  acting  on  the  part  of  the  truss  within  the  section  (or  "  con- 
sidering forces  at  joint  B"),  we  get  Fig.  79.  The  forces  are  the  reaction  2750 
pounds  and  the  two  forces  exerted  on  the  part  under  consideration  by  the 
remainder  of  the  truss;  they  are  marked  F3  and  F4  and  are  assumed  to  be 
pulls.  Solution  of  this  three-force  system  shows  that  F3  ■=  +1588  (tension), 
and  Fi  =—  3177  (compression). 

Next  we  might  discuss  joint  C,  D,  or  E  and  determine  two  more  stresses. 
Fig.  80  represents  joint  C  and  the  forces  acting  upon  it  so  far  as  known.    Stress 

1 1000  lbs  lOOOlbsJ 

\  \       /  D/\ ?x         lm^f\ 

5 4J  BOOIte.  \/     I588,lbs.  /         \  /         "^ 

27501bsf  200o|lbs.  2600lbs.    1444  lbs.  S6blbs       3177|bs. 

Fig.  79  Fig.  80  Fig.  81  Fig.  82 

in  CA  was  determined  to  be  a  tension  of  1300  pounds;  therefore  the  part  of 
CA  not  shown  in  the  figure  exerts  a  pull  of  1300  on  the  part  shown  as  indi- 
cated. Similarly,  the  part  of  CB  not  shown  in  the  figure  exerts  a  pull  of  1588 
on  the  part  shown  as  indicated;  F5  and  F6  are  assumed  to  be  pulls.  Solution 
of  this  five-force  system  shows  that  F5  =  +1444  (tension),  and  F6  =  +866 
(tension).  Taking  joint  D  next,  we  get  Fig.  81,  four  forces  acting  on  the 
joint  (the  load,  and  the  three  forces  exerted  on  the  joint  by  the  remainder  of 
the  truss).  DA  was  found  to  be  under  a  compression  of  2600  pounds,  hence 
the  part  of  DA  not  shown  in  the  figure  acts  on  the  part  shown  as  indicated; 
CD  was  found  to  be  under  a  tension  of  1444  pounds,  hence  the  part  of  DC  not 
shown  in  the  figure  acts  on  the  part  shown  as  indicated;  F7  is  assumed  to  be 
a  pull.  SFX  =  o  shows  that  F7  =  —2021  (compression);  and  writing  out 
2F„  we  find  that  it  equals  zero,  which  is  a  fair  check  on  the  computation. 
Fig.  82  represents  joint  E  and  all  the  forces  acting  upon  it,  as  already  deter- 
mined. If  2FX  =  o  and  2FV  =  o  for  those  forces,  then  the  check  on  the  pre- 
ceding computations  is  satisfactory. 

*  In  simple  trusses  the  kind  of  stress  (tension  or  compression)  in  any  member  is  apparent. 
When  the  kind  is  not  apparent,  we  might  follow  the  suggestion  in  the  footnote,  page  41. 
But  for  uniformity  we  will  always  assume  the  force  to  be  a  pull.  Then,  according  to  the 
footnote,  the  force  is  actually  a  pull  or  a  push  (and  the  stress  is  tensile  or  compressive),  ac- 
cording as  its  computed  value  is  positive  or  negative. 
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Directions. — The  foregoing  method  for  "analyzing  a  truss"  (determin- 
ing the  stresses  in  its  members)  can  be  formulated  into  brief  directions 
as  follows:  (1)  Determine  the  reactions  (supporting  forces)  on  the  truss  if 
possible.  (2)  Consider  a  joint  at  which  there  are  only  two  unknown  forces, 
and  then  determine  those  two.  (3)  Repeat  (2)  again  and  again  until  all 
stresses  have  been  determined.  (These  directions  do  not  provide  for  a 
certain  contingency  which  may  arise;  see  §  2  for  a  case  and  directions  for 
meeting  it.) 

We  now  give  illustration  of  truss  analysis  by  this  method  but  omitting  the 
computations;  they  should  be  supplied  by  the  student.  The  truss  shown  in 
Fig.  83  will  be  used;  it  is  supported  at  each  end,  and  supports  three  loads  of 
5000  pounds  as  shown.  Obviously  each 
reaction  equals  one-half  the  total  load. 
On  joint  A  there  are  three  forces  (the  re- 
action, and  the  stresses  in  AD  and  AE); 
solving  that  force  system  we  find  that  the 
first  stress  =  15,000  pounds  compression, 
and  the  second  =  13,000  tension.  On  joint 
D  there  are  four  forces  (the  load  5000 
pounds,  the  stress  in  AD  =  15,000  pounds,  and  the  stresses  in  DE  and  DC 
unknown);  solving  that  system,  we  find  that  the  stress  in  DE  =  4335  pounds 
compression,  and  that  in  DC  =  12,500  compression.  On  joint  E  there  are 
four  forces  (the  stress  in  AE  =  13,000  pounds,  the  stress  in  DE  —  4335 
pounds,  and  the  stresses  in  EC  and  EG  unknown);  solving  the  system,  we 
find  that  the  stress  in  EC  =  4335  pounds  tension,  and  that  in  EG  =  8667 
tension.  — *  *^— . 

§  2.  We  now  explain  the  contingency  or  difficulty  mentioned  in  the  fore- 
going directions  and  how  to  meet  it;  the  truss  shown  in  Fig.  84  furnishes  an 

illustration.  Following  the  directions, 
we  determine  the  reactions  Ri  and  R2, 
2800  pounds  and  2400.  Then  we  take 
joint  A,  and  find  stresses  in  AB  and 
AH  to  be  3960  (compression)  and  2800 
(tension)  respectively;  next  we  take 
joint  G,  and  find  stresses  in  GF  and 
GI  to  be  3400  (compression)  and  2400 
(tension)  respectively.  No  joint  re- 
mains  at  which   there   are   only  two 
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unknown  stresses,  and  the  difficulty  is  already  met.  Now  if  in  some  way  we 
could  ascertain  the  stress  in  almost  any  other  member,  then  we  could  con- 
tinue to  apply  the  rule.  For  example,  if  we  knew  the  stress  in  HB,  HJ,  or 
HI,  then  consideration  of  joint  H  would  determine  the  two  unknown  stresses 
there;  consideration  of  joint  B  would  give  stresses  in  BJ  and  BC;  considera- 
tion of  joint  C  would  give  stresses  in  CJ  and  CD,  etc.    Now  there  is  a  way  to 
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ascertain  the  stresses  in  CD,  JD,  and  277",  —  by  passing  a  section  through 
those  members,  and  solving  the  force  system  acting  upon  either  portion  of 
the  truss.     Fig.  85  represents  the  left-hand  portion  and  all  the  forces  acting 

upon  it;  namely,  the  three  loads,  the  left  reaction, 
and  the  forces  which  the  right-hand  part  exerts  (Si,  S2, 
and  S3,  assumed  to  be  pulls).  Solution  of  this  force 
system  presents  typical  problem  (v)  (Art.  13).  To 
determine  Si,  for  example,  we  take  moments  about 
the  intersection  of  52  and  S3  (or  joint  D),  and  find 
Si  =  1600  pounds  tension.  Then  having  determined 
Si  we  proceed  as  in  the  foregoing  examples. 

In  order  to  determine  the  stress  in  any  particular 
member  of  a  truss  the  following  direction  may  be  tried:  Imagine  the  truss 
separated  into  two  distinct  parts  ("  pass  a  section  "  through  the  truss);  pass 
it  in  such  a  way  that  the  member  under  consideration  is  one  of  the  members 
cut  by  the  section,  and  so  that  the  system  of  forces  acting  on  one  of  the  two 
parts  is  solvable  for  the  desired  stress;  then  solve  the  system  for  the  desired 
stress.  (The  system  of  forces  acting  on  one  part  of  the  truss  consists  of  the 
loads  and  reactions  on  that  part,  and  the  forces,  or  stresses,  which  the  other 
part  exerts  upon  it.  In  plane  trusses  this  system  is  always  coplanar;  it  can  be 
solved  if  it  is  concurrent  with  not  more  than  two  unknowns,  or  if  it  is  non- 
concurrent  with  not  more  than  three  unknowns,  provided  that  the  three 
unknowns  are  not  parallel  nor  concurrent.) 

Foregoing  direction  may  be  applied  not  only  to  bridge  over  the  difficulty 
sometimes  met  in  connection  with  directions  in  §  1,  but  also  when  it  is  desired 
to  determine  the  stress  in  a  particular  member  quite  directly  without  first 
computing  stresses  in  several  other  members.  For  example,  let  it  be  required 
to  determine  the  stress  in  BC  (Fig.  86),  the  truss  being  supported  at  its  ends 
span  AE  =  32  feet,  rise  CG  =  8  feet,  and  five  loads  as  shown.     Obviously 
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each  reaction  equals  4000  pounds.  A  section  cutting  BC,  BG,  and  GF  gives 
a  left-hand  part  of  the  truss  with  its  external  forces  as  shown  in  Fig.  87.  The 
force  system  can  be  solved  for  the  desired  stress;  taking  moments  about  the 
intersection  of  S2  and  S3  (joint  G),  we  get  —  Si  X  8  X  cos  260  34'  —  4000  X 
16  +  3000  X  8  =  o,  or  Si  =  —5600,  the  negative  sign  indicating  that  S\  is 
compressive  and  not  tensile,  as  assumed  in  the  moment  equation. 
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§  3.  Warning  is  here  given  that  not  all  trusses  can  be  analyzed  by  the 
principles  of  statics  alone,  as  in  the  preceding;  that  is  to  say,  there  are  trusses 
that  are  statically  indeterminate.  Only  the  so-called  complete  or  perfect  trusses 
are  always  statically  determinate;  beside  these  there  are  incomplete  trusses, 
and  trusses  with  redundant  members. 

A  pin-connected  triangle  (Fig.  88)  is  the  simplest  complete  truss;  it  is 
indeformable  and  has  no  superfluous  or  redundant  members.  Adding  two 
more  members  makes  a  complete  truss  of 
two  triangles;  and  each  addition  of  two 
members  as  shown  extends  the  truss  and 
leaves  it  complete.  If  m  =  number  of 
members,  and  j  =  number  of  joints,  then 
for  a  complete  truss,  m  =  2J  —  3.  A 
pin-connected  quadrilateral  (Fig.  89)  is 
the  simplest  incomplete  truss;  it  is  deformable  and  requires  the  addition  of 
one  or  more  members  to  make  it  complete.  For  an  incomplete  truss, 
m  <  2J  —  3.  A  pin-connected  quadrilateral  with  two  diagonal  members 
(Fig.  90)  is  the  simplest  truss  with  a  superfluous  or  redundant  member;  it 
is  indeformable  and  would  be  so  with  any  member  removed.  For  a  truss 
with  a  redundant  member  m  >  2  j  —  3.  Figs.  91,  92,  and  93  are  other 
examples  of  the  three  classes  of  trusses  described. 
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In  the  foregoing  it  is  assumed  that  the  trusses  are  pin-connected,  and  that 
each  member  can  sustain  tension  or  compression  as  called  upon  by  the  loading. 
For  a  classification  not  so  restricted  as  this  one,  readers  are  referred  to  stand- 
ard works  on  Structures.* 


16.   Graphical  Analysis  of  Trusses;  Stress  Diagrams 

§  1.  Graphical  methods  are  especially  well  adapted  for  analyzing  trusses. 
As  in  the  algebraic  methods  of  the  preceding  article,  we  imagine  the  truss 
separated  into  two  parts,  and  direct  our  attention  to  the  external  forces  acting 
upon  either  part.  Graphical  instead  of  algebraical  conditions  of  equilibrium 
are  then  applied  to  these  forces  to  determine  the  unknowns.  The  notation 
for  graphical  work  described  in  Art.  2  can  be  advantageously  systemized  as 
follows:  Each  triangular  space  in  the  truss  diagram  is  marked  by  a  lower- 
case letter,  also  the  space  between  consecutive  lines  of  action  of  the  loads  and 
reactions  (Fig.  94) ;   then  the  two  letters  on  opposite  sides  of  any  line  serve  to 

*  Johnson,  Bryan,  and  Turneaure's  "  Modern  Framed  Structures." 


6o 


Chap,  hi 


MOOOIbs. 


500 libs   C 


designate  that  line,  and  the  same  capital  letters  are  used  to  designate- the 
magnitude  of  the  corresponding  force.     This  scheme  of  notation  is  a  great 

help  in  graphical  analyses  of  trusses. 

As  an  illustration  we  determine  the 
stress  in  each  member  of  the  truss  of 
Fig.  94.  Evidently  each-  reaction 
equals  one-half  the  load,  or  2000 
pounds.  We  "  pass  section  "  a,  and 
consider  the  forces  acting  on  the  left- 
hand  part  of  the  truss  (Fig.  95) ;  they  are  the  load  500  pounds,  the  reaction  2000 
pounds,  and  the  stresses  cd  and  da.  Since  those  forces  are  in  equilibrium,  their 
polygon  closes;  in  constructing  it,  the  unknowns  will  be  determined.  Beginning 
with  the  knowns,  AB  is  drawn  to  represent  2000  pounds,  BC  to  represent 
500  pounds;  and  then  a  line  from  A  (or  C)  parallel  to  the  line  of  action  of  one 
unknown,  and  a  line  from  C  {or  A)  parallel  to  the  other,  are  drawn.  The  last 
two  lines  determine  D  (or  D'),  and  the  closed  polygon  is  A  BCD  A  (or  A  BCD' A) ; 
hence  the  forces  in  the  members  cd  and  ad  are  represented  by  CD  and  DA 
(3000  and  2600  pounds)  respectively.  It  is  seen  from  the  force  polygon  that 
CD  is  a  push,  and  DA  is  a  pull;  hence  the  members  cd  and  ad  are  in  com- 
pression and  tension  respectively. 


5 CO  lb-., 
bjc 

& — 

bTa 

2000!bs. 


B, 


a 


D 


Fig.  95 


->— 


lOOOilbs 
cf 


3000  lbs 


Fig.  96 


We  may  next  pass  section  0,  and  consider  the  forces  acting  on  the  smaller 
(and  simpler)  part  of  the  truss  (Fig.  96) ;  they  are  the  load  1000  pounds,  the 
stress  3000  pounds  (compressive),  and  the  stresses  fe  and  de.  Their  force 
polygon  may  be  drawn  thus:  DC  to  represent  3000. pounds  (compression), 
CF  to  represent  1000  pounds,  a  line  from  F  parallel  to  one  of  the  unknowns, 
and  one  from  D  parallel  to  the  other.  The  last  two  lines  determine  E,  and 
the  force  polygon  is  DC  FED;  hence  the  forces  in  the  members  fe  and  ed 
are  represented  by  FE  and  ED  (2500  and  866  pounds) 
respectively.     Both  members  are  in  compression. 

We  next  pass  section  7,  and  consider  the  forces  acting 
on  the  smaller  part  of  the  truss  (Fig.  97);  they  consist 
of  the  stress  2600  pounds  (tension),  the  stress  866  pounds 
(compression),  and  the  stresses  eg  and  ga.  Their  force 
polygon  may  be  drawn  thus:  AD  to  represent  2600  pounds 
(tension),  DE  to  represent  -866  pounds  (compression), 
a  line  from  E  parallel  to  one  of  the  unknowns,  and  a  line  from  A  parallel  to 
the  other.    The  last  two  lines  determine  G,  and  the  force  polygon  is  ADEGA; 
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hence  the  forces  in  the  members  eg  and  ag  are  represented  by  EG  and  GA 
(866  and  1732  pounds)  respectively.  Each  member  is  in  tension.  On  account 
of  the  symmetry  of  the  truss  and  loading,  the  forces  in  the  remaining  mem- 
bers are  now  known. 

In  drawing  the  force  polygon  for  all  the  external  forces  on  the  part  of  a 
truss  included  within  a  section  about  a  joint,  it  will  be  advantageous  to  repre- 
sent the  forces  in  the  order  in  which  they  occur  about  the  joint.  A  force 
polygon  so  drawn  will  be  called  a  polygon  for  the  joint;  and  for  brevity,  if 
the  order  taken  is  clockwise  the  polygon  will  be  called  a  clockwise  polygon, 
and  if  counterclockwise  it  will  be  called  a  counterclockwise  polygon.  ABCDA 
(Fig.  95)  is  a  clockwise  polygon  for  joint  b  of  Fig.  94;  ABCD'A  is  a  force 
polygon  for  the  "  forces  at  joint  1,"  but  it  is  not  a  polygon  for  the  joint,  be- 
cause the  forces  are  not  represented  in  the  polygon  in  the  order  in  which  the 
forces  occur  about  the  joint.  The  student  should  draw  the  counterclockwise 
polygon  for  the  joint,  and  compare  with  ABCDA. 

If  the  polygons  for  all  the  joints  of  a  truss  are  drawn  separately  as  in  the 
preceding  illustration,  then  the  stress  in  each  member  will  have  been  repre- 
sented twice.  It  is  possible  to  combine  the  polygons  so  that 
it  will  not  be  necessary  to  represent  the  stress  in  any  mem- 
ber more  than  once,  thus  reducing  the  number  of  lines  to  E 
be  drawn.  Such  a  combination  of  force  polygons  is  called  D>A 
a  stress  diagram.  Fig.  98  is  a  stress  diagram  for  the  truss  d^F7~ 
of  Fig.  94  loaded  as  there  shown.  Comparing  the  part  of  e 
the  stress  diagram  consisting  of  solid  lines  with  Figs.  95,  ^-jc' 

96,  and  97,  it  is  seen  to  be  a  combination  of  the  latter  three  '&' 

figures.     It  will  also  be  observed  that  the  polygons  are  all  IG'  9 

clockwise  polygons;  counterclockwise  polygons  also  could  be  combined  into 
a  stress  diagram. 

Directions  for  constructing  a  stress  diagram  for  a  truss  under  given  loads: 

(1)  Letter  the  truss  diagram  as  already  explained. 

(2)  Determine  the  reactions.  (In  some  exceptional  cases  this  stage  may  or 
must  be  omitted;  also  stage  (3).     See  §  2  for  two  illustrations.) 

(3)  Construct  a  force  polygon  for  all  the  external  forces  applied  to  the  truss 
(loads  and  reactions),  representing  them  in  the  order  in  which  their  points  of 
application  occur  about  the  truss,  clockwise  or  counterclockwise.  (The  part 
of  that  polygon  representing  the  loads  is  called  a  load  line.) 

(4)  On  the  sides  of  that  polygon  construct  the  polygons  for  all  the  joints. 
They  must  be  clockwise  or  counterclockwise  ones,  according  as  the  polygon 
for  the  loads  and  reactions  was  drawn  clockwise  or  counterclockwise.  The 
first  polygon  drawn  must  be  for  a  joint  at  which  but  two  members  are  fastened; 
the  joints  at  the  supports  are  usually  such.  Next  the  polygon  is  drawn  for  a 
point  at  which  not  more  than  two  stresses  are  unknown;  that  is,  of  all  the 
members  fastened  at  that  joint  the  forces  in  not  more  than  two  are  unknown. 
Then  the  next  joint  at  which  not  more  than  two  stresses  are  unknown  is  con- 
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sidered,  etc.,  etc.     (These  directions  do  not  provide  for  a  certain  difficulty 
which  may  arise;  see  §  2  for  a  case  and  directions  for  handling  it.) 

To  illustrate  the  foregoing  directions  we  analyze  the  truss  represented  in 
Fig.  99;    it  sustains  four  loads  (600,  1000,  1200,  and  1800  pounds),  and  is 
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supported  at  its  ends.  Supposing  the  reactions  to  have  been  determined,  we 
draw  the  force  polygon  for  the  loads  and  reactions  ABCDEFA,  at  the  left;  it 
is  a  clockwise  polygon.  We  may  begin  by  drawing  the  clockwise  polygon  for 
joint  1  or  2;  for  the  former  it  is  FABGF*  Member  bg  is  therefore  in  com- 
pression and  gf  in  tension.  Next  we  may  draw  the  clockwise  polygon  for 
joint  2,  3,  or  4;  for  the  joint  2  it  is  CDEHC.  Member  ch  is  in  compression 
and  eh  in  tension.  For  joint  3,  the  polygon  is  HEFGH,  and  member  gh  is  in 
tension.  If  the  work  has  been  correctly  and  accurately  done,  the  line  GH  is 
1  parallel  to  gh. 

^  2.   There  are  exceptional  cases  not  covered  by  the  foregoing  directions. 

In  case  the  reactions  cannot  be  determined  in  advance,  the  stress  diagram  can 

still  be  drawn  if  the  truss  is  statically  determinate.     Fig. 

*i  100  represents  such  a  case,  the  truss  being  pinned  to  its 

supports.     The  diagram  can  be  constructed  by  drawing  in 

succession  the  proper  polygons  (all  clockwise  or  counter- 

|f    clockwise)  for  joints  1,  2,  3,  and  4.     Then,  if  desired,  the 

„  reactions  can  be  determined  by  drawing  the  polygons  for 

Fig.  100  .  .  J  r    jo 

joints  5  and  6. 
Fig.  101  represents  a  case  where  the  reactions  can  be 
determined  at  stage  (2)  of  the  analysis,  but  determina- 
tion of  the  reactions  is  not  essential  for  the  construction 
of  the  stress  diagram.  The  truss  is  supported  by  a  shelf 
A  and  a  tie  B.     The  stress  diagram  can  be  constructed  FlG-  IQI 

by  drawing  in  succession  proper  polygons  for  joints  1,  2,  3,  4,  and  5.  The 
reaction  at  B  is  determined  by  the  polygon  for  joint  5;  that  at  A  by  the 
polygon  for  joint  6. 

*  The  student  is  urged  to  make  sketches  of  the  bodies  (parts  of  truss)  upon  which  the 
forces,  whose  polygons  are  being  drawn,  act.  A  force  acting  upon  the  "cut"  end  of  a  mem- 
ber and  toward  the  joint  is  a  push,  and  the  stress  in  the  member  is  compressive;  if  the  force 
acts  away  from  the  joint,  it  is  a  pull,  and  the  stress  is  tensile. 
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Fig.  102  shows  a  truss  the  analysis  of  which  is  not  fully  provided  for  in  the 
directions.  Thus,  suppose  that  the  reactions  have  been  determined;  the 
polygon  for  joint  1  may  be  drawn  first,  next  that  for  joint  2,  and  then  that  for 
joint  3.  Similarly  the  polygons  for  joints  i',  2',  and  3'  can  be  drawn;  but 
then  no  joint  remains  at  which  there  are  but  two  unknown  stresses,  and  so 
no  more  polygons  can  be  drawn,  as  yet.  If  in  any  way  the  number  of  un- 
known stresses  at  a  remaining  joint  could  be  reduced  to  two,  then  the  polygon 
for  that  joint  could  be  drawn,  and  the  stress  diagram  could  be  completed. 
Thus,  if  the  stress  in  if,  jm,  or  mf  could  be  determined,  then  the  polygon  for 
joint  4  could  be  drawn,  and  then  those  for  5,  6,  7,  and  8. 


1000,  lbs. 
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Fig.  102 

The  difficulty  here  pointed  out  is  just  like  that  mentioned  under  the  direc- 
tions in  §  1  of  the  preceding  article.  It  may  be  met  by  means  of  the  direction 
in  §  2  of  that  article,  which  explains  how  to  determine  the  stress  in  a  par- 
ticular member  quite  directly  and  independently  of  any  stress  diagram  or 
polygons  for  joints.  Thus  to  determine  the  stress  in  w/"we  pass  a  section  as  a, 
and  solve  the  external  system  of  forces  (including  stresses  in  the  members 
cut)  which  acts  upon  either  part  of  the  truss  for  the  desired  stress.  Then  we 
proceed  with  the  stress  diagram  as  already  pointed  out.  There  are  other 
ways  of  meeting  the  difficulty  presented  in  this  form  of  truss,  but  that  here 
explained  is  quite  general  and  can  be  applied  readily  to  other  forms. 

We  will  now  explain  this  matter  in  detail,  using  the  same  truss.  Evidently 
each  reaction  equals  one-half  the  total  load.  ABCDEE'D'C'B'FA  is  a  clock- 
wise polygon  for  the  loads  and  reactions.  The  polygon  for  joint  1  is  FABGF; 
that  for  joint  2  is  GBCHG;  that  for  joint  3  is  FGHIF.  The  polygons  for 
joints  1',  2',  and  3'  are  B'A'FG'B',  C'B'G'H'C,  and  H'G'FI'H'  respectively. 
The  forces  acting  on  the  part  of  the  truss  to  the  left  of  section  a  are  the  loads 
at  joints  1,  2,  5,  and  6,  the  left  reaction,  and  the  forces  exerted  on  the  left  part 
of  the  truss  by  the  right  (stresses  el,  Im,  and  mf).  This  system  may  be  solved 
graphically  or  algebraically;  the  algebraic  method  is  much  the  simpler,  arms 
of  forces  being  scaled  from  the  truss  drawing.  Thus  to  ascertain  the  stress 
mf,  we  take  moments  about  the  intersection  of  el  and  Im,  and  get  1000  X 
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7.5  +  1000  X  15  +  1000  X  22.5  +  500  X  30  —  4000  X  30  —  (mf)  X  17.5  =  o, 
or  mf  =  3425  (tension).  Next  we  represent  the  stress  mf  in  its  proper  place 
in  the  stress  diagram  at  MF,  and  then  draw  the  polygon  for  joint  4;  it  is 
MFIJM.     Completion  presents  no  difficulties. 

vW.   Simple  Frameworks  (Crane  Type) 

The  frames  here  considered,  like  the  trusses  of  the  preceding  articles,  are 
plane  and  symmetrical  with  respect  to  the  plane  of  the  frame.  For  example, 
the  crane  represented  in  Fig.  103  consists  of  a  post  MN,  a  boom  PQ,  and  a 
brace  KQ;  the  boom  consists  of  two  pieces  between  which  the  post  and  the 
brace  lie,  and  the  brace  is  forked  at  its  lower  end  by  means  of  side  pieces 
and  straddles  the  post.  Like  the  trusses,  these  frames  are  assumed  to  be  pin 
connected,  the  pins  being  practically  frictionless.  Thus  each  pin  pressure 
lies  in  the  plane  of  the  frame,  and  the  line  of  action  cuts  the  axis  of  the  pin. 

Unlike  the  trusses,  these  frames  may  include  a  member  which  is  pinned  to 
others  at  more  than  two  points;  the  loads  also  on  these  frames  are  applied 
anywhere,  not  at  the  joints  necessarily.  The  result  of  these  conditions  is 
that  the  stress  in  any  member  of  the  frame  is  generally  not  a  simple  tension 
"or  compression,  the  member  being  bent  as  well  as  stretched  or  shortened. 
We  will  not  attempt  to  determine  the  stresses  in  the  members  of  these  frames 
but  limit  the  discussions  to  a  determination  of  the  forces  which  act  upon 
each  member,  the  pin  pressures,  reactions  of  supports,  etc. 

In  general  the  pressure  of  a  pin  on  a  member  does  not  act  along  the  axis 
of  that  member.    Take,  for  example,  the  brace  (diagonal)  (Fig.  103);   it  is 


N 


Fig.  103 


acted  upon  by  three  forces,  —  its  own  weight  W  and  the  pin  pressures  K  and  Q. 
These  three  forces  must  be  concurrent  or  parallel  (Art.  10,  §  2).  If  they  are 
concurrent,  then  neither  K  nor  Q  is  axial  or  else  both  are;  but  obviously  both 
K  and  Q  cannot  be  axial  and  then  balance  W,  and  so  neither  acts  axially.  If 
they  are  parallel,  then  neither  K  nor  Q  acts  axially. 

In  some  consideration  of  frameworks,  the  weights  of  some  or  all  members 
are  negligible  in  comparison  with  other  forces  (loads)  which  act  upon  the 
frame,  and  so  we  may  have  to  do  with  a  member  acted  upon  by  only  two 
forces,  —  pin  pressures.    On  such  a  member,  the  pin  pressures  do  act  along  the 
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axis  of  that  member,  since  the  pressures  balance  each  other  and  so  must  be 
colinear  (Fig.  103). 

"  Analysis  of  a  crane  "  means  the  determination  of  every  force  (magnitude 
and  direction)  acting  on  each  part  or  member  due  to  weight  of  the  crane  or 
loads  on  it  or  both.  The  general  method  of  procedure  may  be  briefly  summa- 
rized as  follows:  (1)  Make  a  sketch  of  the  entire  crane,  and  represent  as  far 
as  possible  all  the  external  forces  acting  upon  it;  apply  the  appropriate  con- 
ditions of  equilibrium  to  the  force  system,  and  then  determine  as  many  of 
the  unknowns  as  possible.  (2)  Make  a  sketch  of  a  member  or  of  a  combina- 
tion as  they  are  on  the  crane,  and  represent  as  far  as  possible  all  the  external 
forces  acting  on  it;  then  apply  the  appropriate  conditions  of  equilibrium  to 
the  force  system,  and  then  determine  as  many  of  the  unknowns  as  possible. 
(3)  If  other  forces  remain  to  be  determined,  then  continue  as  directed  in 
(2),  bearing  in  mind  the  law  of  "  action  and  reaction"  (Art.  n).  We  will 
now  give  two  examples  of  analysis  employing  both  algebraic  and  graphic 
methods. 

Example  (i). — We  analyze  the  crane  represented  in  Fig.  103;  the  crane 
is  supported  at  M  and  N  by  sockets  in  the  ceiling  and  floor.  MN  =18, 
PQ  =  14,  MP  =  NK  =  3  feet;  it  bears  a  load  of  8  tons  on  the  boom  at 
16  feet  from  the  axis  of  the  post;  weights  of  members  neglected.     Fig.  104 
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(at  the  left)  represents  the  entire  crane  with  all  external  forces,  the  senses  of 
the  reactions  being  quite  obvious.  The  solution  of  this  system  falls  under 
Art.  13.  ZAfjv  =  o  gives  M  =7.11  tons;  since  2FX  =  o,  A^=  7.11  tons; 
and  since  ZFy  =  0,  Ny  =  8  tons.  We  sketch  the  brace  KQ  next.  Since 
it  is  a  two-force  member,  the  pin  pressures  K  and  Q  are  axial,  equal,  and 
obviously  have  senses  as  shown.  The  common  value  of  K  and  Q  cannot  be 
determined  from  a  consideration  of  their  equilibrium.  Next  we  sketch  the 
boom.  Q  on  the  boom  and  Q  on  the  brace  constitute  an  action  and  reaction, 
and  so  are  colinear,  opposite,  and  equal;  the  pressure  at  P  is  unknown  in 
direction,  and  in  an  algebraic  solution  can  be  dealt  with  most  easily  through 
its  components  Px  and  Py,  senses  guessed  at.     Solution  of  this  system  falls 
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under  Art.  13.  Since  XMp=  o,  Q  =  14.05  tons;  since  2FX  =  o,  Px  =  10.67 
tons;  since  2Fy  =  o,  Py  =  — 1.14  tons,  the  negative  sign  indicating  that  Py 

acts  downward.  Finally,  P  =  v(io.672-f-  1.142)  =  10.73  tons,  and  the  in- 
clination of  P  with  the  horizontal  is  tan-1  (1.14  -5-  10.67)  =  6°  7';  and  now 
all  the  forces  on  each  member  are  determined,  those  on  the  post  being 
represented  in  the  figure. 

Generally,  several  sketches  may  be  made  and  considered  in  several  differ- 
ent orders,  each  furnishing  a  complete  analysis.  For  example,  we  might  have 
taken  the  entire  crane,  the  boom,  and  the  post;  or  the  brace,  the  boom,  and 
the  entire  crane.  The  student  is  advised  to  try  these  orders  and  make  the 
analysis. 

The  graphic  method  of  solving  the  various  force  systems  may  be  carried  out 
as  follows:  The  system  acting  on  the  entire  crane  consists  of  four  forces,  and 
so  the  resultant  of  any  pair  of  the  four  forces,  as  Nx  and  Ny,  balances  the  other 
pair;  therefore  that  resultant  is  concurrent  with  the  second  pair  and  acts  in 
the  line  1-2  (Fig.  105).     So  we  draw  the  force  triangle  ABCA  for  those  three 
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forces  (making  AB  represent  8  tons),  and  find  that  BC  represents  M  and  CA 
the  resultant  of  the  first  pair.     Next  we  resolve  CA  into  components  parallel 

to  Nx  and  ATV,  and  find  that  CD  and 
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DA  represent  Ny  and  Nx  respectively. 
The  forces  on  the  boom  being  three  in 
number  (the  load,  Q,  and  P),  they  must 
be  parallel  or  concurrent,  and  because 
two  (the  load  and  Q)  are  concurrent, 
all  must  be;  thus  the  line  of  action  of 
P  is  determined.  So  we  may  draw  the 
force  triangle  EFGE  for  the  three  forces, 
making  EF  represent  8  tons;  thus  we 
find  that  EG  =  P  and  GF  =  Q. 
'f— "Example  (ii).  —  For  another  illus- 
tration, we  analyze  the  hydraulic  crane  represented  in  Figure  106.  It  consists 
of  a  hollow  post  MN  (up  into  which  the  piston  can  be  projected)  a  boom  PQ, 
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and  a  pin-connected  frame  KPQ.  A  single  roller  is  mounted  on  the  pin  K, 
and  two  on  the  pin  P,  so  that  as  the  piston  moves  the  frame  moves  with  it, 
all  rollers  rolling  on  the  post.  Thus  there  are  twelve  parts:  a  post,  a  boom, 
two  struts  KP  (one  on  each  side  of  the  post),  two  ties  KQ  (one  on  each  side), 
a  pin  at  P,  one  at  Q,  one  at  K,  two  rollers  at  P  and  one  at  K.  We  take  the 
load  as  10  tons  and  x  =  15  feet,  and  neglect  the  weights  of  the  parts. 

Fig.  107  represents  the  entire  crane,  not 
including  the  piston,  with  all  the  external 
forces  acting  upon  it.  2FX  =  o  shows  that 
M  =  Nx,  and  2MN  =  o  shows  that  M  = 
(10  X 1 5)  -i-  h  where  h  =  height  of  post.  L  and 
Ny  cannot  be  found  from  this  force  system;  so 
we  try  the  frame  with  rollers  (Fig.  108).  The 
external  forces  acting  on  it  are  the  load,  the  '  io7 

piston  pressure  L,  the  post  pressure  R\  against  the  single  roller,  and  the  result 
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ant  post  pressure  R2  against  the  lower  rollers.  The  solution  of  this  system 
falls  under  Art.  13;  it  shows  that  L  =  10  and  Ri  =  R2  =  21.4  tons.  Fig.  109 
represents  the  boom  alone  and  the  external  forces  acting  upon  it,  —  the  load, 
the  piston  pressure,  the  pin  pressure  Q  (acting  along  the  ties  because  each  is 
a  two-force  member),  and  the  pin  pressure  P  whose  direction  is  unknown. 
The  solution  of  this  system  falls  under  Art.  13.  Dealing  with  the  unknown 
components  of  P  (senses  guessed  at),  we  find  from  71  Mp  =  o  that  Q  =  25.2 
tons;  from  2FX  =  o  that  Px  =  24  tons;  and  from  2Fy  =  o  that  Py  =  7.2 
tons.     The  pin  at  K  (Fig.  1 10)  is  subjected  to  three  forces,  namely,  the  pull  of 

.  M  the  two  ties  (25.2  tons)  the  pressure 

of  the  roller  (21.4)  and  the  force  F 
exerted  by  the  struts  (along  the  axis 
of  the  struts,  since  each  is  a  two- 
force  member).  From  HFy  =  o  we 
find  that  F  =  7.8  tons.  Fig.  no 
also  represents  the  post  with  all 
the  external  forces  acting  upon  it.  Since  1Fy  =  o,  Ny  =  o;  2M,v  =  o  gives 
M  =  7.14;  and  2FX  =  o  gives  Nx  =  7.14.  We  have  now  determined  all  the 
forces  on  each  part;  each  tie  is  subjected  to  end  pulls  of  12.6  tons;  each  strut 
to  end  pushes  of  3.9  tons;  the  pin  at  P  to  three  forces  as  shown  in  the  figure. 


7^4    21.4 

'5    w  tons 

F\ 


K 

21. 4 1. 


N, 


21.4 1 


214  \ 


Tn 


,y-0 

Fig.  i 10 


68 


Chap,  in 


The  graphical  solutions  of  the  various  force  systems  might  be  carried  out 
as  follows:  Four  forces  act  on  the  portion  of  the  crane  shown  in  Fig.  in, — the 
.load  10  tons,  the  pressures  L,  Rh  and  R2.  The  resultant  R  of  L  and  R2  acts 
through  their  intersection  and  through  that  of  Ri  and  the  load,  hence  in  the 
line  1-2.  The  load,  Ri,  and  R  are  in  equilibrium;  so  we  draw  a  closed  force 
polygon  for  them  as  ABC  A  (Fig.  112);   AB  =  10  tons,  BC  =  21.4,  and  CA 


lOitons 
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represents  R.  Finally  we  resolve  R  into  its  two  components;  CD  and  DA 
represent  L  and  R2  rexpectively.  There  are  four  forces  acting  on  the  boom, 
namely,  the  load  =  10  tons,  L  =  10  tons,  the  pin  pressure  P,  and  that  at  Q 
(Fig.  113).  Obviously  the  pressure  Q  acts  along  the  tie  rod.  The  first  pair  of 
forces  named  constitute  a  couple;  and  since  a  couple  can  be  balanced  only 
by  another  couple,  the  second  pair  is  a  couple  and  P  is  parallel  to  Q,  and  the 
resultant  of  each  pair  therefore  acts  in  the  line  1-2.  We  now  draw  a  line 
through  B  (Fig.  112)  parallel  to  Q,  and  one  through  A  parallel  to  1-2;  then  BE 
represents  Q  and  AE  represents  the  resultant  of  L  and  P.  Finally,  there  are 
three  forces  acting  on  the  pin  at  P,  namely,  R2  (or  CB),  —P  (or  BE),  and 
the  pressure  of  the  braces  KP  (Fig.  in).  These  three  forces  being  on  equi- 
t  librium,  the  last  one  is  represented  by  EC. 

' Example  (iii). — We  now  make  an  analysis  of  a  crane  talcing  into  account 

the  weights  of  the  members.  For  this  purpose  we  take  the  crane  described 
in  example  (i)  and  assume  that  the  weights  Of  members  are  as  follows :  MN  = 
0.8  ton,  PQ  =  0.9  ton,  and  KQ  =1.1  tons.  The  load  is  taken,  as  in  example  (i), 
to  be  8  tons  at  16  feet  out  from  the  axis  of  the  post,  and  the  boom  22  feet  long. 
Fig.  114  shows  the  entire  crane  and  all  the  external  forces  acting  upon  it 
so  far  as  known.     Determination  of  the  unknown  reactions  M,  Nx,  and  Nv 

presents  typical  problem  (v)  (Art. 
13).  From  2¥m  =  o  we  get 
ATX  =  8.09;  from  2FX  =  0,  M  = 
8.09;  and  from  I<Fy  =  0,  Nv  = 
10.8.  Fig.  115  represents  the 
post  and  all  the  external  forces 
acting  upon  it  so  far  as  known. 
The  pressures  on  the  post  are 
exerted  by  members  which  are 
not  two  force  members,  and 
therefore  those  pressures  do  not 
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act  in  the  directions  of  the  boom  and  brace.    The  directions  of  those  pres- 
sures being  unknown,  we  represent  each  by  its  (unknown)  horizontal  and 
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vertical  component.  The  force  system  acting  on  the  post  contains  four 
unknowns,  namely,  Px,  Py,  Kx,  and  Ky.  Not  all  of  these  unknowns  can  be 
determined  from  a  study  of  this  system  alone;  but  two  of  them,  Px  and  Kx, 
can  be  so  determined.  SiVf  K  =  o  gives  Px=  12.13,  and  ^F*  =  °  gives  K*  = 
12.13  tons. 

Fig.  116  shows  the  boom  and  the  forces  acting  upon  it  so  far  as  known. 
The  direction  of  the  pressure  at  Q  is  unknown  as  yet;  therefore  that  pressure 
is  represented  by  means  of  its  (unknown)  components.     Determination  of  the 
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unknowns  in  the  force  system  presents  typical  problem  (v).  ZFX  =  o  gives 
Qx  =  12.13  tons;  ZMq  =  o  gives  Py  =  0.95;  and  ?Fy  =  o  gives  Qy  =  9.85. 
Having  found  the  value  of  Py,  we  find  from  XFy  =  o  for  Fig.  115  that  Ky  = 
10.95  tons.  To  check  the  analysis,  we  might  supply  values  of  the  forces 
acting  on  the  brace  (Fig.  117),  and  then  test  whether  the  force  system  is 
balanced,  that  is,  whether  ^Fx  =  o,  XFy  =  o,  and  SM  =  o. 


18.    Cranes.  —  Continued 

In  this  article  we  show  how  to  analyze  three  cranes,  paying  some  attention 
to  the  forces  due  to  the  hoisting  rig.  Generally,  a  pulley  is  an  important  part 
of  such  rig.  We  assume  here  that  the  tensions  7\  and  T2  (Fig.  118)  in  the  rope 
or  chain  on  opposite  sides  of  the  pulley  on  which  it  bears 
are  equal.  This  assumption  implies  perfect  flexibility  of 
rope  or  chain  and  a  frictionless  pin  supporting  the  pulley. 
The  pressure  P  against  the  pin  equals  the  resultant  of 
those  tensions,  or  2  T  cos  |  a,  and  it  bisects  the  angle 
between  their  lines  of  action.  If  the  lines  of  action  are 
parallel  (a  =  o),  P  =  2  T;  if  they  are  at  right  angles 
(a  =  900),  P  =  1.414  T. 

Example  (i).  —  Fig.  119  represents  a  crane  supported  in  a  footstep  bearing 
at  the  floor  and  a  collar  bearing  on  the  wall  bracket  H.  The  hoisting  rig  con- 
sists of  a  simple  hand  winch  mounted  on  the  wall  at  W,  a  chain,  and  pulleys 
as  shown.  Pulley  at  G  is  12  inches  in  diameter;  the  load  is  one-half  ton. 
The  reactions  at  the  supports  depend  on  the  hoisting  rig,  as  will  be  seen  from 
the  following:  On  the  entire  crane,  including  the  top  pulley  (Fig.  120),  there 
are  acting  four  forces,  namely,  the  upper  reaction  H,  the  lower  reactions  Px 
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and  Py,  and  the  pressure  of  the  chain  against  the  pulley  equivalent  to  two 
components,  one-half  ton  each,  as  shown.  Taking  moments  about  the  lower 
end,  we  find  H  to  be  0.087  ton5  from  2F*  =  o  and  2F„  =  o,  we  find  that 
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Px  =0.413  and  Py—  0.5  ton.  All  members  except  the  vertical  HP  are  simple 
tension  or  compression  members.  Force  polygons  for  joints  G  and  /  show 
that  the  stresses  are  as  follows:  GK  =  0.35  ton  (tension);  GJ  =  1  ton  (com- 
pression); JK  =  0.57  ton  (compression);  JP  =  1  ton  (compression).  Mem- 
ber HP  is  subjected  to  the  reactions  of  the  supports  as  already  computed,  and 
the  following  forces:  a  pull  of  0.35  ton  along  KG;  a  push  of  0.57  ton  along  KJ; 
and  a  push  of  1  ton  along  PJ. 

Example  (ii).  — Fig.  121  represents  a  common  type  of  derrick.     It  is  sup- 
ported by  a  footstep  at  the  bottom  of  post  and  at  the  top  by  two  stiff  legs 
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which  extend  backward  to  the  ground  or  other  base;  the  spread  (angle  be- 
tween their  horizontal  projections)  being  90  degrees  so  that  the  derrick  can 
swing  about  its  vertical  axis  through  270  degrees.     Sometimes  the  derrick  is 
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supported  at  the  top  by  a  collar  bearing  held  in  place  by  cables  extending  off 
to  quite  remote  points  on  the  ground. 

Obviously  the  pull  on  a  stiff  leg  is  greatest  when  the  boom  is  in  the  same 
plane  with  that  leg;  the  pull  on  a  cable  is  greatest  when  that  cable  and  the 
boom  are  in  the  same  plane  and  on  opposite  sides  of  the  post.  Let  P  denote 
this  pull,  and  a  the  inclination  of  the  cable  to  the  horizontal  or  the  inclination 
of  the  line  joining  the  pivot  on  the  post  with  the  lower  end  of  a  stiff  leg.  Then 
taking  moments  of  all  external  forces  on  the  derrick  about  the  footstep  bear- 
ing, we  get  Ph  cos  a  —  Ws,  or  P  =  Ws/h  cos  a  (only  the  weight  of  the  load 
being  taken  into  account).  Calling  the  horizontal  and  the  vertical  reactions 
at  the  footstep  H  and  V  respectively,  we  find  that  H  =  Ws/h  and  V  =W  -\- 
P  sin  a  =  W(j  +  tan  a  •  s/h). 

There  are  seven  forces  acting  on  the  part  shown  in  Fig.  122,  which  consists 
of  the  crane  post,  the  winch  W,  the  two  sheaves  S,  and  a  part  of  the  hoisting 
and  topping  ropes  as  shown.  The  forces  are:  H,  V,  and  P  (already  explained) ; 
Q,  the  pressure  of  the  boom  on  the  post  acting  in  a  direction  as  yet  unknown; 
I  W,  approximate  value  of  the  tension  in  the  hoisting  rope;  T,  which  denotes 
the  tension  in  the  topping  rope;  and  2  T,  exerted  by  the  top  pulley  shackle. 
Of  these  seven  forces,  all  except  Q  and  T  are  already  known.  To  find  these 
we  may  proceed  as  follows :  Take  moments  of  all  the  forces  about  the  pin  at  Q, 
and  thus  find  T;  then  take  horizontal  and  vertical  components,  and  thus 
find  the  horizontal  and  vertical  components  of  Q,  and  finally  Q  itself.  The 
force  system  can  be  solved  graphically  as  follows:  First  find  the  fine  of  action 
of  the  resultant  R  of  the  two  forces  T  and  2  T;  then  this/?  and  the  other  five 
forces  constitute  a  system  in  equilibrium,  which  solve  for  R  and  Q  by  methods 
explain£d-ifrArc:  13 ;  "finally  resolve  R  into  its  components  T  and  2  T. 

example  (iii).  —  Fig.  123  represents  a  sheer  leg  crane.  It  consists  of  two 
front  legs  AC  and  BC  and  a  back  leg  CD,  all  connected  by  a  horizontal  pin 
at  C;  the  front  legs  are  pin-supported  on 
the  ground  at  A  and  B,  and  the  back  leg 
is  restrained  at  the  ground  by  a  holding- 
down  rail  and  a  long  horizontal  screw  which 
works  in  a  nut  on  the  lower  end  D.  The 
purpose  of  the  screw  is  to  move  D,   thus 

turnine  the  front  legs  about  AB  and  moving 

.  Fig    123 

the  load  in  and  out.     We  will  now  show  how 

to  determine  the  pressures  on  the  ends  of  the  legs  due  to  their  own  weights, 

taking  the  following  data:  lengths  of  front  legs  160  feet,  distance  between 

their  lower  ends  50  feet,  distance  between  their  upper  ends  10  feet,  length 

of  back  stay  210  feet,  weight  of  each  front  leg  44  tons,  of  the  back  leg  53 

tons;  we  take  the  crane  in  its  position  of  greatest  overhang,  64  feet. 

The  external  forces  acting  on  the  crane  are  the  following  (see  Fig.  124): 

the  three  weights,  the  holding-down  force  Dy,  the  push  of  the  screw  Dx,  the 

inward  pushes  Az  and  Bz  of  the  supports  at  A  and  B,  and  the  pressures  of  the 
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pins  at  A  and  B;  each  of  these  pressures  is  represented  by  two  components 
in  the  figure,  Ax,  Ay,  and  Bx,  Bv,  respectively.  There  are  six  conditions  of 
equilibrium  for  this  system,  namely,  the  sums  of  the  components  of  the  forces 
along  the  x,  y,  and  z  axes,  and  the  sums  of  the  moments  about  those  axes 
equal  zero.     Thus, — 


44  -  44  =  o 


2Fx  =  Ax  +  Bx-Dx  =  o 
2Fy  =  Ay  +  Bv-Dy-S3 

•LFZ  =  -  Az  +  Bz  =  o 

ZMX=  -Ay  X  25  +  By  X  25  +  44  X  15  -  44  X  15 

2My=  Ax  X  25  -  Bx  X  25  =  o 

XMZ  =  Dv  X  87.6  +  53  X  11.8  -  44  X  32  X  2  =  o 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


By;  from  these 


Equation  (6)  shows  that  Dy  =  25  tons;  (4)  shows  that  Ay 
results  and  (2)  it  follows  that  Av  and  By  equal  83  tons.  No  other  unknowns 
can  be  determined  from  the  equations;  but  (3)  shows  that  Az  =  Bz,  (5)  that 
Ax  =  Bx,  and  (1)  that  Ax-\-  Bx  =  Dx. 


Fig.  124 


Fig.  125 


Fig.  126 


To  get  values  of  these  unknowns  we  consider  the  forces  acting  on  the  back 
leg;  there  are  four  forces,  namely,  the  weight  of  the  leg  (53  tons),  the  holding- 
down  force  Dy  (25  tons),  the  screw  pressure  Dx,  and  the  pressure  of  the  upper 
pin  at  C,  represented  for  convenience  by  two  components  which  we  call  Cx  and 
Cv  (Fig.  125).  This  system  is  in  equilibrium  and  so  2MC  =  25  X  151. 6  — 
Dx  X  I45-2  +  53  X  75.8  =  o,  or  Dx  =  53.8  tons;  2F*  =  Cx-  53.8  =  o,  or 
Cx  =  53-8;  and  2Fy  =  Cy  —  25  —  53  =  o,  or  Cy  =  78.  Returning  now  to 
equations  (1)  and  (5),  we  find  that  Ax  and  Bx  =  26.9  To  get  Az  and  Bz  it  is 
necessary  to  discuss  the  forces  on  one  of  the  front  legs.  There  are  three 
forces,  —  the  weight  44  tons,  and  the  pressures  at  the  ends;  each  of  the  pres- 
sures is  represented  (Fig.  126)  by  three  components,  26.9,  83,  and  Bz  below, 
and  Qx,  Qy  and  Qz  above.  The  system  being  in  equilibrium,  we  take  moments 
about  the  vertical  line  through  Q;  thus  Bz  X  64  —  26.9  X  20  =  o,  or  Bz  = 
8.41  tons.    Inspection  shows  that  Qx  =  26.9,  Qy  =  39,  and  Qz  =  8.41  tons. 
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The  forces  acting  on  the  upper  pin  (at  C)  are  represented  in  Fig.  127, 
means  of  their  components. 

We  now  give  another  solution  of  the  foregoing  example, 
making  use  of  the  principle  that  if  the  forces  of  a  system 

i  n  equilibrium 
b  e  represented 
by  vectors,  then 
the  projection  of 
those  vectors  on  Fig.  127 

any  plane  represents  a  force  system 
also  in  equilibrium  (Art.  10  under 
(vii)).  Projecting  the  force  system 
represented  in  Fig.  1 24  on  the  three 
coordinate  planes,  we  get  the  three 
systems  represented  in  Fig.  128,  — 
side  elevation,  end  elevation,  and 
plan.  From  the  side  elevation, 
Silf  a  =  o  gives  Dy  =  25  tons; 
2Md  =  o  shows  that  Ay  =  By; 
and  2F„  shows  that  Ay-\-  By  = 
166,  or  Ay  and  By  =  83  tons.  No  further  numerical  result  can  be  obtained 
from  these  projected  systems.  Considering  the  back  leg  alone  as  before,  we 
would  find  that  Dx  =  53.8  tons;  then  from  the  plan  Ax  =  Bx  obviously, 
and  Ax  +  Bx  =  53.8,  or  Ax  and  Bx  =  26.9  tons.  Az  and  Bz  would  be 
gotten  as  before.* 

*  For  full  information  on  cranes,  see  Bottcher's  book  on  that  subject,  English  translation 
by  Tolhausen. 
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CHAPTER    IV 


FRICTION 


19.   Definitions  and  General  Principles 

§  1.  Definitions,  Etc.  —  When  one  body  slides  or  tends  to  slide  over  an- 
other, then  the  sliding  of  the  first  or  its  tendency  to  slide  is  resisted  by  the 
second.     Thus,  if  A  (Fig.  129)  is  a  body  which  slides  or  tends  to  slide  toward 

the  right  over  B,  then  B  is  exerting  some  such  force 
as  R  on  A ,  and  the  component  of  R  along  the  surface 
of  contact  is  the  resistance  which  B  offers  to  the  sliding 
or  tendency.  Of  course  A  exerts  on  B  a  force  equal 
w'  and  opposite  to  R;  either  of  these  equal  forces  is 
Fig.  129  called  the  total  reaction  between  the  two  bodies.    The 

component  of  either  total  reaction  along  the  (plane)  surface  of  contact  is 
called  friction,  and  the  component  of  either  along  the  normal  is  called  normal 
pressure;  they  will  be  denoted  by  F  and  N  respectively.  If  the  surface  of 
contact  of  the  two  bodies  is  not  plane,  the  force  exerted  at  each  elementary 
part  of  the  surface  is  the  total  reaction  at  that  element,  and  its  components  in 
and  normal  to  the  element  are  the  friction  and  the  normal  pressure  at  the  ele- 
ment. Friction  is  called  kinetic  or  static  according  as  sliding  does  or  does  not 
take  place.     Only  static  friction  is  considered  here. 


The  amount  of  static  friction  between  two  bodies  depends  upon  the  degree 
of  the  tendency  to  slip.  Thus  suppose  that  A  (Fig.  130)  is  a  block  weighing 
10  pounds,  upon  a  horizontal  surface  B;  that  the  block  is  subjected  to  a  hori- 
zontal pull  P,  and  that  the  pull  must  exceed  6  pounds  to  start  the  block. 
Obviously  when  P  =  2  pounds  say,  then  F  =  2;  when  P  =  4  pounds,  then 
F  =  4;  etc.,  until  motion  begins.  So  long  as  P  does  not  exceed  6  pounds,  F 
equals  P;  that  is,  F  is  passive  and  changes  just  as  P  changes.  The  inclination 
of  the  reaction  R  also  depends  on  the  degree  of  the  tendency  to  slip.  When 
P  =  2  pounds,  then  the  angle  NOR  =  tan-1  f5  =  lI°  19';  when  P  =  4  pounds, 
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NOR  =  tan-1  -fa  =  21°  48';  etc.,  until  motion  begins.  The  greatest  values  of 
the  friction  F  and  the  angle  NOR  obtain  when  motion  impends. 

The  friction  corresponding  to  impending  motion  is  called  limiting  friction. 
We  will  denote  it  by  Fm,  since  it  is  a  maximum  value  (see  Fig.  130).  The 
coefficient  of  static  friction  for  two  surfaces  is  the  ratio  of  the  limiting  friction 
corresponding  to  any  normal  pressure  between  the  surfaces  and  that  normal 
pressure.     We  will  denote  it  by  fx;   then 

H  =  FJN,  or  Fm  =  /jlN;  also,  F  >  nN. 

The  angle  of  friction  for  two  surfaces  is  the  angle  between  the  directions  of  the 
normal  pressure  and  the  total  reaction  when  motion  is  impending.  We  will 
denote  it  by  <j>  (see  Fig.  130);    then 

tan$  =  Fm/N;  hence  tan  </>  =  fx. 

If  a  block  were  placed  upon  an  inclined  plane,  the  inclination  at  which  slipping 

would  impend  is  called  the  angle  of  repose  for  the  two  rubbing  surfaces;  it  will 

be  denoted  by  p.     The  angles  of  friction  and  repose  for 

two  surfaces  are  equal;  proof  follows:   Suppose  that  A  \ 

(Fig.  131)  is  on  the  point  of  sliding  down  the  incline; 

two  forces  act  on  A ,  its  own  weight  W  and  the  reaction  s' 

R  of  the  plane.    Since  A  is  at  rest,  R  and  W  are  colinear,        \^' 

that  is,  R  is  vertical;  and  since  motion  impends,  the     -401-*- 

angle  between  R  and  the  normal  is  the  angle  of  fric-  FlG-  I3I 

tion  <t>.     It  follows,  from  the  geometry  of  the  figure,  that  0  and  p  are  equal. 

The  coefficient  of  static  friction  for  two  bodies  A  and  B  may  be  found  in 
several  ways:  (i)  Place  A  on  B  as  in  Fig.  130,  and  determine  the  pull  P  which 
will  just  start  A;  then  \x  =  P  divided  by  the  weight  of  A.  Or  (ii)  tilt  B,  and 
determine  the  inclination  at  which  gravity  will  start  A  down;  then  jx  equals 
the  tangent  of  that  angle  of  inclination.  In  either  method  several  determina- 
tions must  be  made  to  obtain  a  fair  average.  Many  experiments  have  been 
made  in  these  ways,  and  it  has  been  ascertained  that  coefficients  of  static 
friction  depend  on  the  nature  of  the  materials,  character  of  rubbing  surfaces 
and  kind  of  lubricant,  if  any  be  used.  Early  experimenters  reported  (Coulomb 
1871,  Rennie  1828,  Morin  1834,  and  others)  that  the  coefficient  is  independent 
of  the  intensity  of  normal  pressure;  and  although  this  announcement  was 
clearly  subject  to  the  limitation  of  the  range  of  the  experiments  performed, 
yet  it  was  generalized  and  long  accepted  as  a  universal  law  of  friction.  But 
the  universality  of  the  law  has  been  questioned;  Morin  himself  pointed  out 
that  length  of  time  of  contact  of  the  two  bodies  influences  the  coefficient;  and 
obviously  the  coefficient  changes  when  the  intensities  of  pressure  get  so  low 
that  a  considerable  part  of  the  friction  is  due  to  adhesion,  or  so  high  as  to  affect 
the  character  of  the  surfaces  in  contact.     Messiter  and  Hanson  report*  prac- 

*  Eng.  News,  18Q5,  Vol.  33,  page  322. 
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tical  constancy  of  coefficient  for  yellow  pine  and  spruce.    They  give  the 
following  for  planed  or  sandpapered  (i)  yellow  pine  and  (2)  spruce. 

(1)  n  =  0.25  to  0.32;  average  ju  =  0.29  for  100  to  1000  lbs.  per  sq.  in. 

(2)  fx  =  0.18  to  0.53;  average  ii  =  0.42  for  100  to  1600  lbs.  per  sq.  in. 

The  variation  depends  on  relation  of  grain  of  wood  to  direction  of  slide. 

Coefficients  of  Static  Friction 

(Compiled  by  Rankine  from  experiments  by  Morin  and  others.) 

Dry  masonry  and  brickwork 0.6    to  0.7 

Masonry  and  brickwork  with  damp  mortar 0.74 

Timber  on  stone about    0.4 

Iron  on  stone 0.3    to  0.7 

Timber  on  timber 0.2    to  0.5 

Timber  on  metals 0.2    to  0.6 

Metals  on  metals 0.15  to  0.25 

Masonry  on  dry  clay 0.51 

Masonry  on  moist  clay 0.33 

Earth  on  earth 0.25  to  1.0 

Earth  on  earth,  dry  sand,  clay,  and  mixed  earth 0.38  to  0.75 

Earth  on  earth,  damp  clay 1.0 

Earth  on  earth,  wet  clay 0.31 

Earth  on  earth,  shingle  and  gravel 0.81  to  1.11 

§  2.  Tractive  Force.  —  Let  W  =  the  weight  of  a  body  A  upon  a  horizontal 
surface  B  (Fig.  132),  /x  =  the  coefficient  of  friction  for  the  surfaces  in  contact, 
<t>  =  their  angle  of  friction,  and  P  a  force  applied  to  the  body  as  shown,  6  being 
the  inclination  of  P  to  the  horizontal.  Then  the  force  P  required  to  start  the 
body  to  move  is  given  by 

fjW  Wsin<f> 


P  = 


cos  6  +  ix  sin  6      cos  id  —  <j>) 


A 


To 


w 


Fig.  132 
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P     = 

■0 


w 


N 

Fig.  133 
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Fig.  135 


The  forces  acting  on  A  are  P,  W,  and  the  reaction  of  the  plane  whose  two 
components  are  N  and  (when  motion  impends)  Fm  (Fig.  133).  Now  P  cos  6  = 
Fm,  N  =  W  —  P  sin  9,  and  Fm  =  fj.N;  these  three  equations  solved  simul- 
taneously furnish  the  first  stated  value  of  P.  The  second  value  can  be  ob- 
tained from  the  first,  or  by  solving  the  three-force  system  acting  on  A  as  repre- 
sented in  Fig.  134.  According  to  Lami's  theorem  (Art.  10),  P/W  =  sin  0/sin 
(90  +  4>  -  6);  hence  P  =  W  sin  0/cos  (6  -  0). 
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If  the  pull  P  is  horizontal  (9  =  o),  then  P  =  /j.W.  If  the  pull  is  inclined, 
but  not  too  much,  then  the  pull  P  required  to  start  the  body  may  be  less  than 
fxW.  In  fact  the  least  value  of  P  obtains  when  8  =  <f>,  —  "  the  best  angle  of 
traction  equals  the  angle  of  friction,"  —  and  the  minimum  value  of  the  pull 
is  W  sin  4>.  Proofs  follow:  (i)  Evidently  W  sm<f>  -f-  cos  (6  —  4>),  the  general 
value  of  P,  changes  as  6  changes,  and,  for  a  given  W  and  (f>,  P  is  least  when 
cos  (6  —  4>)  is  greatest;  but  this  greatest  value  is  1,  and  obtains  when  6  —  0  =  o, 
or  when  6  =  <f>  as  stated,  etc.  (ii)  Or,  let  AB  (Fig.  135)  represent  W,  BC  be 
parallel  to  P,  and  AC  be  parallel  to  R;  then  CA  represents  R.  If  6  be  changed, 
then  BC  (and  P)  will  change;  and  evidently  P  will  be  least  when  BC  is  per- 
pendicular to  CA,  that  is,  when  6  =  <p.     And  then  BC  (or  P)  =  W  sin  </>. 

§  3.  Test  for  Rest  or  Motion.  —  A  body  is  supported  so  that  it  can  slip 
and  is  subjected  to  given  forces;  it  is  required  to  ascertain  whether  those  forces 
do  cause  slipping,  and  the  value  of  the  friction  is  desired.  We  assume  that 
the  body  is  at  rest,  and  determine  the  friction  F  and  the  normal  pressure  N 
from  conditions  or  equations  of  equilibrium;  then  we  compare  F  with  fj.N, 
If  F  is  less  than  /jlN,  there  is  no  motion  and  the  computed  value  of  F  is  correct; 
if  F  is  greater  than  /xN,  then  there  is  motion  and  the  friction  is  kinetic,  its 
value  being  less  than  pN.  For  example,  consider  a  block  of  material  weighing 
100  pounds  supported  on  a  horizontal  surface,  the  coefficient  of  friction  being 
\,  and  imagine  a  down  push  of  200  pounds  applied  to  the  block  at  an  angle  of 
30  degrees  with  the  vertical.  N  =  100  +  200  cos  30  =  273.2,  and  for  rest, 
F  =  200  sin  30  =  100;  fxN  =  \  X  273.2  =  136.6,  and  this  is  the  greatest  fric- 
tional  resistance  which  the  support  can  offer  so  long  as  N  =  273.2.  Only 
100  pounds  are  required  to  prevent  motion,  and  so  the  body  is  at  rest  under 
the  action  of  friction  of  that  required  value. 

Or,  to  test  for  rest  or  motion,  we  may  make  use  of  the  so-called  cone  of  fric- 
tion for  the  two  bodies  in  contact,  which  may  be  described  thus:  Let  P  (Fig. 
136  or  137)  denote  the  resultant  of  all  the  forces 
applied  to  or  acting  on  the  body  A  (whose 
state  is  to  be  investigated)  but  not  including 
the  total  reaction  of  the  supporting  body  B; 
O  the  point  where  P  cuts  the  surface  of  con- 
tact between  .4  and  B,  and  DOC  equal  the 
angle  of  friction;  then  the  cone  generated  by 
revolving  OC  about  OD  is  the  cone  of  friction. 
If  the  line  of  action  of  the  resultant  P  does 
not  fall  outside  the  cone  (Fig.  136),  then  there 
is  no  slipping;  if  it  does  fall  outside  (Fig.  137), 
then  there  is  slipping.  Proof  follows:  As 
already  pointed  out,  the  direction  of  the  total  reaction  R  on  a  body,  which 
tends  to  slide  over  another,  depends  on  the  degree  of  the  tendency;  the  greater 
the  tendency,  the  greater  the  inclination  of  R  from  the  normal;  but  the  in- 
clination has  a  limit,  that  limit  being  equal  to  the  angle  of  friction,  and  it 
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obtains  when  slipping  impends.  Therefore  when  P  acts  within  the  cone  or 
along  an  element  of  it,  then  R  can  incline  and  completely  oppose  P  (Fig.  136), 
no  matter  how  large  P  may  be.  When  P  falls  outside  the  cone,  R  can  incline 
only  to  an  element,  and  the  friction  cannot  successfully  oppose  the  component 
of  P  wyhich  tends  to  move  the  body  (Fig.  137).  In  the  preceding  example  P 
is  the  resultant  of  the  weight  of  the  block  100  pounds,  and  the  applied  push 
200  pounds.  That  resultant  makes  an  angle  of  io°  t,^,'  with  W  or  the  normal. 
The  angle  of  friction  is  tan-1  ^,  or  2 6°  34';  hence  P  falls  inside  the  cone  and, 
according  to  the  principle  of  the  cone,  motion  does  not  ensue. 

As  another  application  of  the  cone  principle  consider  Fig.  138,  which  repre- 
sents (in  plan  and  elevation)  a  type  of  simple  hanger.     It  consists  of  a  fixed 

vertical  rod  and  a  horizontal  piece  which  is 
forked;  there  is  a  hole  in  each  part  of  the 
fork  so  that  the  piece  can  be  slipped  over  the 
rod  as  shown  in  the  elevation.  The  hanger, 
if  properly  made,  will  not  slip  down  along  the 
rod  on  account  of  its  own  weight  or  that  of  a 
load  unless  it  be  hung  quite  close  to  the  fork. 
The  mechanics  of  the  device  may  be  explained 
as  follows:  Obviously  the  rod  reacts  on  the 
hanger  at  0\  and  Oo.  When  slipping  impends 
at  these  points,  the  reactions  act  along  0\C\ 
and  O2C2  inclined  to  the  normals  an  amount 
equal  to  the  angle  of  friction  4>  as  shown. 
The  hanger  being  at  rest  (by  supposition),  the  third  force  acting  upon  it 
(the  load,  weight  of  hanger  neglected)  must  be  concurrent  with  these  twro 
reactions;  hence  to  just  put  the  hanger  on  the  point  of  slipping,  the  load 
must  be  hung  from  a  point  in  the  vertical  through  C.  If  the  load  is  hung 
out  beyond  C,  as  at  A ,  the  hanger  will  not  slip.  For  suppose  slipping  to 
impend  at  Oh  then  R  at  Oi  would  act  along  0\Ch  and  R  and  W  would  concur 
at  a.  To  preserve  equilibrium,  R  at  02  must  also  act  through  a,  which 
is  possible,  since  02a  is  within  the  cone.  Or  suppose  slipping  to  impend  at 
02,  then  R  at  0%  would  act  along  O0C2,  and  R  and  W  would  concur  at  m.  To 
preserve  equilibrium,  R  at  0\  must  also  act  through  m  which  is  possible.  In 
similar  mannery!t  can  be  shown  that  a  load  hung  between  the  rod  and  C,  as  at 
B,  would  cause  slipping. 


Fig.  138 


20.   Friction  in  Some  Mechanical  Devices 

§  1.  Inclined  Plane.  —  Let  a  =  the  inclination  of  the  plane  to  the  horizontal 
(Fig.  139),  p  =  angle  of  repose  for  the  plane  and  a  particular  body  upon  it, 
0  =  their  angle  of  friction,  n  =  coefficient  of  friction,  W  =  weight  of  the 
body,  and  6  =  angle  between  the  push  or  pull  P  and  the  incline,  (i)  The  pull 
P  required  to  start  the  body  up  the  plane  is  given  by 

PX  =  W  sin  (a  +  c/O/cos  (6  -  <j>) 
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as  can  be  shown  by  means  of  Lami's  theorem  (Art.  10)  applied  to  the  three 
forces  acting  on  the  body  (P,  W,  and  the  reaction  R  of  the  plane).  Thus 
Px/W  =  sin  (a  +  0)/sin  (90  —  0  +  0) ;  hence,  etc.  Px  is  a  minimum  (for  given 
W,  a,  and  0)  when  0  =  </>;  then  its  value  is  W  sin  (a  +  0)-  For,  it  is  ob- 
vious that  Pi  is  least  when  sin  (90  —  0  +  0)  is  greatest,  that  is,  when  0  =  0. 
(ii)  When  the  inclination  of  the  plane  is  greater  than  the  angle  of  repose 
(a  >  p  =  (f))j  then  the  body  would  slip  down  unless  pre- 
vented by  a  suitable  force.  The  pull  P  required  to  prevent  the 
slipping  down  is  given  by 

P2  =  W  sin  (a  -  0)/cos  (0  +  0). 

P2  is  a  minimum  when  6  =  —(f);  then  its  value  is  PF  sin 

(a  —  0).     (iii)  When    the   inclination   of   the   plane  is   less 

than  the  angle  of  repose  (a  <  p  =  0),  then  the  body  would  not  slip  down 

on  account  of  its  own  weight.     The  push  P  required  to  start  the  body  down 

is  given  by 

P3  =  W  sin  (0  -  a)/cos  (0  +  0). 

P3  is  a  minimum  when  0  =— 0;   then  its  value  is  W  sin  (0  —  a).     (Proof  of 
foregoing  formulas  for  P2  and  P3  is  left  for  the  student  to  supply.) 

When  the  force  P  acts  along  the  plane  (0  =  o),  then  the  values  of  Ph  P2,  and 
P3  are  respectively, 


Fig.  139 
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sin  (a  +  0) 
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sin  (a  —  0) 
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§  2.  Wedge.  —  In  order  that  the  force  P  (Fig.  140)  may  start  the  wedge  in- 
ward to  overcome  the  load  W,  the  friction  at  the  three  rubbing  surfaces  must 
be  overcome  also.  If  the  three  rubbing  contacts  are  equally  rough  and  0  = 
their  common  angle  of  friction,  then  the  force  P  required  to  start  the  wedge 

inward  is  given  by 

Pi=  W  tan  (2  0  +  a). 


Fig.  140 


Fig.  141 


Fig.  142 


Fig.  141  represents  the  three  forces  W,  Pi,  and  P/  acting  on  the  block  M ;  also 
the  three  forces  P2"  (=  R2),  R3,  and  P  acting  on  the  wedge.  The  angles  which 
Pi,  P2,  and  P3  make  with  their  normal  components  equal  0,  since  motion  im- 
pends, by  supposition.     In  Fig.  142,  ABCA  is  a  triangle  for  the  forces  acting 
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on  M,  AB  representing  W;  and  CBDC  is  a  triangle  for  the  forces  acting 
on  the  wedge.  The  given  formula  for  Pi  may  be  derived  from  these  triangles 
by  solving  for  BD,  which  represents  Pi.  From  the  first  triangle  (P2'  =  P2") 
/W  =  cos  0/sin  (90  —  4>  —  a  —  4>),  or  R2'  =  R2"  =  W  cos  0/cos  (2  <f> -\- a) ; 
from  the  second  triangle  Pi/(P2'  =  P2")  =  sin  (2  <f>  -f-  a)/cos  (f>.  Therefore 
Px  =  (R2  =  R2")  sin  (2  0  +  a)/cos  0  =  W  tan  (2  0  +  a). 

If  the  wedge  angle  a  is  less  than  2  4>,  the  wedge  will  not  slip  but  under  any 
load  W  even  when  there  is  no  push  P;  that  is,  the  wedge  is  self-locking.  The 
force  required  to  pull  the  wedge  out,  that  is,  to  lower  the  load  W  (guide  at  left 
side  of  M),  is  given  by 

P2  =  W  tan  (2  (f>  -  a). 

(The  student  should  supply  proof.) 

In  order  that  the  force  Q  (Fig.  143)  may  overcome  the  resistances  W,  the 
frictional  resistances  at  the  four  contacts  must  be  overcome  also.     If  the  con- 


Fig.  143 


Fig.  144 


tacts  are  equally  rough  and  4>  =  their  common  angle  of  friction,  then  the  force 
necessary  to  start  the  wedge  down  is  given  by 

cot  (0  +  a)  —  tan  <f> 

Fig.  144  represents  the  forces  Q,  P/,  and  P2'  acting  on  the 
wedge,  and  the  forces  acting  on  M  and  N.  Each  of  the 
reactions  R  makes  with  its  normal  component  an  angle 
equal  to  0  (motion  impending).  In  Fig.  145,  ABC  A  is  a 
triangle  for  the  forces  acting  on  M,  AB  representing  W. 
AC  DA  is  a  triangle  for  the  forces  acting  on  the  wedge. 
The  given  formula  for  <2i  can  be  derived  from  these  tri- 
angles by  solving  them  for  DA,  which  represents  Q\. 

If  the  wedge  angle  2  a  is  less  than  2  0,  then  the  wedge 
would  not  slip  out  under  any  pressures  W  even  when  there 
is  no  push  Q;  that  is,  the  wedge  is  self-locking.  The  force 
required  to  pull  the  wedge  out  (M  and  N  guided  above)  is 
given  by 

02  = ** 

cot  {4>  —  a)  -f-  tan  4> 

(Students  should  supply  proof.) 


Art.  20  8l 

§  3.  Screw.  —  Fig.  146  represents  a  simple  jackscrew  much  used  for  raising 
and  lowering  heavy  loads  through  short  distances.  In  the  simpler  forms, 
the  screw  is  turned  by  means  of  a  lever  stuck  through  a  hole  in  the  head  H 
of  the  screw.  There  is  frictional  resistance  between  the  screw  and  the  nut, 
also  between  the  cap  C  and  the  head  of  the  screw,  unless  the  load  can  turn 
with  the  screw.  Let  P  =  the  (horizontal)  force  applied  to  the  lever;  a  = 
the  arm  of  P  with  respect  to  the  axis  of  the  screw;  W  =  load  on  the  cap; 
r  =  mean  radius  of  the  screw,  \  (rt  +  r2);  a  =  pitch  angle  =  tan-1  (h  -j-  2  xr); 
and  0  =  angle  of  friction  =  tan-1/z,  where  n  =  coefficient  of  friction.  Dis- 
regarding the  friction  between  the  cap  and  head  of  the  screw,  the  moment 
required  to  raise  the  load  (or  move  the  screw  against  W)  is  given  by 

Pia  =  TFrtan(0+  a). 

If  the  pitch  angle  is  less  than  the  angle  of  friction,  the  load  would  not  turn  the 
screw;  that  is,  the  screw  is  self-locking.  The  moment  required  to  lower  the 
load  (or  move  the  screw  with  W)  is  given  by 

P2a  =  IFrtan(0  -  a). 

Jackscrews  are  always  made  self-locking,  the  pitch  angle  a  being  between  4  and 
6  degrees  generally.     With  a  =  4  degrees  and  0  =  6  degrees  (jjl  =  0.1), 

Pia  =  0.18  Wr  and  P2a  =  0.035  Wr. 

Derivation  of  formulas  for  Pi  and  P2:  At  each  point  of  contact  between 
the  screw  and  nut,  the  latter  exerts  a  pressure  whose  normal  and  tangential 
component  we  call  dN  and  dF  respectively.  (1)  When  the  screw  tends  to 
rise,  dF  acts  downward  on  the  screw  as  shown  at  A ;  the  vertical  components 
of  the  forces  dN  and  dF  are,  everywhere,  dN  cos  a  and  dF  sin  a,  and  their 
horizontal  components  are  dN  sin  a  and  dF  cos  a.  Taking  the  sum  of  the 
vertical  components  of  all  the  forces  acting  on  the  screw  and  the  sum  of  the 
moments  of  the  forces  about  the  axis  of  the  screw,  we  get 

2Fy  =  -W-  2(dF  •  sin  a)  +  2(dN  •  cos  a)  =  o,  and 
Sikf  =  Pa  —  2(dF  •  cos  a  •  r)  —  2(dN  •  since  •  r)  =  o. 

When  slipping  impends,  dF  =  fxdN  and  P  becomes  Pi;  substituting  these  values 
in  the  two  equations  gives 

W  =  (cos  a  —  ix  sin  a)I,dN,  and  Pia  =  r(sin  a  +  /x  cos  a)ZdN. 

Division  of  these  and  substitution  of  tan  0  for  n  furnishes  the  value  of  P\. 
(2)  When  the  load  is  lowered  dF  is  changed  in  direction  as  at  B;  also  the  direc- 
tion of  the  pull  on  the  lever  is  changed.  Therefore,  changing  Px  to  —  P2  and 
0  to  —0  in  the  formula  for  Pi,  we  get  the  formula  for  P2. 

To  allow  for  the  friction  between  the  cap  and  the  head  of  the  screw,  let  ju  = 
the  coefficient  of  friction,  and  R  =  the  effective  arm  of  the  friction  there  with 
respect  to  the  axis  of  the  screw.     (If  the  surface  of  contact  between  the  cap 
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and  the  head  were  flat  and  a  full  circle,  R  would  equal  two-thirds  the  radius 
of  the  circle.  But  the  contact  is  generally  a  hollow  circle,  as  in  Fig.  146,  and 
then  R  is  practically  equal  to  the  mean  radius.)  The  friction  moment  at  the 
cap  is  ixWR; 

(1)  for  raising  the  load,  Pa  =  Wr  tan  (<£  +  a)  +  nWR, 

(2)  for  lowering  the  load,  Pa  =  Wr  tan  (0  —  a)  +  /jWR. 

§  4.  Journal  in  Worn  Bearing.  —  Fig.  147  represents,  in  section,  a  journal 
in  a  worn  bearing,  wear  much  exaggerated;  the  contact  between  the  two  is 
along  a  line  practically.  When  the  journal  is  about  to  turn  clockwise  and  slip, 
then  the  bearing  exerts  a  reaction  R' ,  making  an  angle  4>  (the  angle  of  fric- 
tion for  the  surfaces  in  contact)  with  the  normal  ON;  when  the  journal  is 
about  to  turn  counterclockwise  and  slip,  then  the  bearing  exerts  a  reaction 
R"  inclined  at  an  angle  4>  with  ON,  but  on  the  other  side.  If  the  radius  of  the 
journal  is  r,  then  the  perpendicular  from  the  center  to  R'  and  R"  equals  r  sin  0, 
and  the  circle  of  radius  r  sin  4>  with  center  at  the  center  of  the  cross  section  of 
the  journal  is  tangent  to  R'  and  R".  This  circle  is  called  the  friction  circle  for 
journal  and  bearing.  For  smooth  contacts  sin  <£  nearly  equals  tan  4>  or  ju,  and 
hence  the  radius  of  the  circle  practically  equals  fir. 


Fig.  148 

We  use  the  friction  circle  as  an  aid  to  fix  upon  the  line  of  action  of  the  re- 
action between  journal  and  bearing  when  motion  impends;  the  line  is  tangent 
to  the  circle.  For  example,  consider  the  bell  crank  shown  in  Fig.  148,  the 
journal  being  if  inches  in  diameter  and  the  coefficient  of  friction  0.3;  the  re- 
quirement is  to  determine  the  least  force  P,  acting  as  shown,  which  will  over- 
come Q  (that  is,  start  the  bell  crank  to  turn  clockwise),  and  the  pressure  on  the 
bearing  then.  The  radius  of  the  friction  circle  is  f  sin  tan-1  0.3  =  0.18  inch. 
Since  there  are  but  three  forces  acting  on  the  bell  crank  (P,  Q,  and  R),  they 
are  concurrent,  that  is,  R  acts  through  0;  but  R  is  also  tangent  to  the  circle 
as  shown,  and  so  its  line  of  action  is  known.  To  determine  the  values  of  P 
and  R,  we  draw  AB  to  represent  Q  by  some  scale,  and  lines  through  A  and  B 
parallel  to  P  and  R  to  their  intersection  C;  then  BC  and  CA  represent  the 
magnitudes  and  directions  of  R  and  P  respectively. 

(Which  one  of  the  two  tangent  lines  to  take  can  be  determined  by  trial. 
Thus,  trying  ON,  the  contact  between  journal  and  bearing  would  be  at  N,  and 
the  tangential  or  frictional  component  of  the  pressure  on  the  journal  would 
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be  as  shown,  not  consistent  with  the  assumed  tendency  to  slipping.  Obvi- 
ously the  other  tangent  is  the  correct  one,  and  on  investigating  for  the  friction 
component  of  R  when  acting  at  M  we  find  that  such  component  is  consistent 
with  the  assumed  tendency  to  slip.) 

The  force  P  which  would  just  permit  Q  to  start  the  bell  crank  to  turn  counter- 
clockwise could  be  determined  in  a  similar  way.  Then  R  would  act  along  the 
tangent  ON,  and  P  would  be  represented  by  C'A.  When  P  has  any  value 
between  C'A  and  CA,  then  slipping  does  not  impend,  and  the  line  of  action 
of  R  cuts  the  friction  circle. 

When  a  link  L  (Fig.  149)  of  a  machine  or  structure  is  pinned  to  other  parts 
or  members,  and  there  is  slipping  or  tendency  to  slipping  at  the  pins,  then  the 
pressure  exerted  by  each  pin  on  the  link  does  not  necessarily  act  through  the 
center  of  the  pinhole  there.  If  slipping  impends,  then  the  line  of  action  of 
the  pressure  is  tangent  to  the  friction  circle;  and  if  the  link  is  a  two-force 
member  (only  the  two  pin  pressures  acting  on  it),  then  the  two  pressures  are 
colinear  and  must  act  along  a  line  which  is  tangent  to  both  friction  circles. 
Which  one  of  the  four  tangents  to  take  in  a  given  case  depends  upon  the  direc- 
tion of  the  tendency  to  slipping  at  each  pin,  and  whether  the  link  is  under  ten- 
sion or  compression.  To  ascertain  the  correct  tangent,  try  any  one  as  the  line 
of  action  of  the  two  pin  pressures  R,  and  then  investigate  the  R's  for  their 
frictional  components  to  ascertain  whether  the  directions  of  those  components 
are  consistent  with  the  directions  of  slip;  only  one  tangent  will  satisfy  all 


Fig.  149 

the  conditions  for  a  given  case.  For  example,  suppose  that  the  tendency  is 
for  a  to  increase  and  (5  to  decrease;  if  the  pressures  put  the  link  under  tension, 
then  the  two  pressures  act  along  tangent  number  1  at  points  A\  and  A2,  and 
if  the  pins  put  the  link  under  compression  then  the  two  pressures  act  along 
tangent  number  2  at  points  Bi  and  B2. 

The  deviations  of  the  various  tangents  (lines  of  action  of  the  pin  pressures) 
from  the  axis  of  the  link  depend  on  the  diameter  of  the  friction  circle  and  the 
ength  of  the  link.  Generally  the  diameter  is  so  small  compared  to  the  length 
of  the  link  that  the  deviation  is  small,  and  one  may  safely  take  the  axis  of 
the  link  as  the  line  of  action  of  the  pin  pressures  so  long  as  the  link  is  at  rest 
and  for  all  states  of  tendency  to  slip. 

§  5.  Belt  or  Coil  Friction.  —  Fig.  150  represents  a  cylinder  about  a  part 
of  which  a  belt  or  rope  is  wrapped.     If  the  cylinder  is  not  very  smooth,  then 
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the  pulls  Pi  and  P%  may  be  quite  unequal  without  causing  slipping  over  the 
cylinder,  as  may  be  easily  verified  by  trial.  When  slipping  impends,  then  the 
ratio  of  these  pulls  depends  on  the  coefficient  of  friction  and  on  the  angle  of 
wrap.  If  Pi  =  the  larger  pull,  jj.  =  the  coefficient  of  friction,  a  =  the  angle 
of  lap  expressed  in  radians,  and  e  =  base  of  the  Napierian  system  of  logarithms 
(2.718),  then  as  proved  below, 

P2-i-Pi=  e"a. 

For  a  given  value  of  Ph  P2  increases  very  rapidly  with  a  as  shown  by  Fig. 
151,  which  is  the  polar  graph  of  the  foregoing  equation,  Pi  and  a  being  the  vari- 
ables, e  =  2.718,  n  taken  as  f ,  and  Pi  =  OA.  The  following  table  gives  values 
of  the  ratio  P2/P1  for  three  values  of  the  coefficient  of  friction  and  for  twelve 
values  of  the  angle  of  lap. 

Maximum  Ratios  P2/P\  (Slipping  Impending) 
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Fig.  153 


Derivation  of  Formula.  —  The  forces  acting  upon  the  part  of  the  belt  in  con- 
tact with  the  cylinder  consist  of  the  tensions  Pi  and  P2,  the  normal  pressure, 
and  the  friction  (Fig.  152).  Let  p  denote  the  normal  pressure  per  unit  length 
of  arc;  then  the  normal  pressure  on  any  part  whose  length  is  ds  (enlarged  in 
Fig.  153)  is  pds.  The  friction  on  that  part  may  be  called  dF,  and  the  ten- 
sions P  and  P  +  dP.  Since  the  part  is  at  rest,  pds  =  2  P  sin  |  dd  =  Pdd,  or 
p  =  P/r;  that  is,  the  normal  pressure  per  unit  length  at  any  point  of  the  con- 
tact equals  the  belt  tension  there  divided  by  the  radius  of  the  cylinder.  When 
slipping  impends,  dF  =  jipds,  and  since  dF  =  dP, 


P 

dP  =  ix-  ds, 
r 


dP         ds 

Or    -=r  =  jU  —  =  iMd. 

r  f 
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loge  P2  -  loge  Pi  =  twt,  or  P2  =  Pie"". 
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For  an  example  consider  the  band-brake  shown  in  Fig.  154.  It  consists  of 
a  rope  or  other  band  wrapped  part  way  around  a  brake  wheel  W,  the  two  ends 
of  the  band  being  fastened  to  the  brake  lever  L; 
the  lever  is  pivoted  at  Q.  Obviously  any  force  as 
P  tightens  the  band,  and  if  the  wheel  tends  to  turn 
(on  account  of  some  turning  force,  not  shown), 
then  P  induces  friction  between  wheel  and  band. 
We  will  now  show  how  great  a  frictional  moment 
(origin  in  the  axis  of  the  wheel)  the  force  P  can 
induce.  Let  M  =  the  moment,  Pi  =  the  larger 
tension  in  the  brake  band  (on  the  side  as  marked 
when  the  wheel  tends  to  rotate  as  indicated),  Pi  =  the  smaller  tension,  r  = 
radius  of  the  wheel,  d  =  arm  of  Pi  with  respect  to  Q,  (h  =  arm  of  P2,  and 
a  =  arm  of  P.  Consideration  of  the  forces  acting  on  the  brake-strap  shows 
that  M  =  {P2  —  Pi)r;  consideration  of  forces  acting  on  the  lever  shows  that 
Pa  =  Pidi  -f-  .FW  For  a  given  P,  M  is  greatest  when  slipping  impends,  and 
then  P2  -5-  P\  —  e'""-     These  three  equations  solved  simultaneously  show  that 

M  =  Pa  (e"«  -  i)r  +  {cm1"*  +  ai). 

For  example,  let  P  =  75  pounds,  a  =  10  feet,  /z  =  \,  a  =  3200  (=5.5 
radians),  r  =  3  feet,  ai  =  2  feet,  and  02  =  9  inches.  Then  a  -J-  2  x  =  about  9, 
and  em  =  4.1 15  (see  table  on  preceding  page);  and 

M  =  75  X  6  (4.1 1  -  1)  3  -s-  (f  X  4-"  +  2)  =  765  foot-pounds. 


CHAPTER   V 

CENTER  OF  GRAVITY 

21.   Center  of  Gravity  of  Bodies 

§  i.  It  is  shown  in  Art.  7  that  the  resultant  of  two  parallel  forces  Fi  and  F2 
icting  at  two  points  A  and  B  of  any  body  cuts  the  line  AB  in  a  point  P  so  that 
AP/PB  =  F2/F1  (Fig.  155).  This  proportion  fixes  the  position  of  P,  and 
since  the  proportion  is  independent  of  the  angle  between  A  B  and  the  forces,  P 
is  also,  so  independent.  Therefore  if  AB  were  a  rod  and  F\  and  F2  the  weights 
of  two  bodies  suspended  from  A  and  B,  then  the  resultant  R  of  Fx  and  F2  would 
always  pass  through  the  same  point  even  if  the  tilt  of  the  rod  were  changed 
slowly  so  as  to  leave  the  suspending  strings  parallel.  Furthermore,  if  three 
parallel  forces  be  applied  at  definite  points  A,  B,  and  C  of  a  body  (Fig.  155), 
and  if  R  denotes  the  resultant  of  Fi  and  F2  as  before  and  R'  the  resultant  of 
R  and  F3  (and  so  also  the  resultant  of  Fh  F2,  and  F3),  then  CP'/PP'  =  R/F3. 
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This  proportion  fixes  P'  (in  CP),  and  it  is  independent  of  the  angle  between 
the  forces  and  the  plane  of  ABC.  Therefore  if  AB  and  CP  be  two  rods  rigidly 
fastened  at  P,  and  F\,  F2,  and  Fs  the  weights  of  bodies  suspended  from  A 
B,  and  C,  then  the  resultant  of  the  three  forces  would  always  pass  through  P 
if  the  rods  were  slowly  turned  about  leaving  the  strings  parallel.  And  so  if 
any  number  of  parallel  forces  have  definite  points  of  application  on  a  rigid 
body,  the  resultant  of  the  forces  always  passes  through  some  one  definite  point 
of  the  body,  or  of  its  extension,  when  the  body  is  turned  about  so  as  not  to 
disturb  the  parallelism  of  the  forces.  This  unique  point  is  called  the  center 
or  centroid  of  the  parallel  forces. 

The  forces  of  gravity  on  all  the  constituent  particles  of  a  body  constitute  a 
parallel  force  system  having  definite  points  of  application;  therefore  all  those 
forces  have  a  centroid.  That  is,  the  resultant  of  the  forces  of  gravity  on  all 
the  particles  of  a  body  (its  weight)  always  passes  through  some  one  definite 
point  of  the  body,  or  of  its  extension,  no  matter  how  the  body  is  turned  about ; 
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this  point  is  called  the  center  of  gravity  of  the  body.  The  positions  of  the  cen- 
ters of  gravity  of  many  regular  bodies  are  given  in  Art.  24,  and  methods  for 
determining  those  centers  of  gravity  are  explained  in  Art.  23. 

We  now  show  how  to  locate  the  center  of  gravity  of  a  body  (or  of  a  collection 
of  bodies)  which  consists  of  simple  parts  whose  weights  and  centers  of  gravity 
are  known.  Let  A ,  B,  C,  etc.  (Fig.  156), 
be  the  centers  of  gravity  of  certain  parts 
of  a  body  (not  shown) ;  Wh  W2,  W3,  etc., 
the  weights  of  those  parts;  X\,  yi,  Zi,  the 
coordinates  of  A ;  #2,  J2,  Z2,  the  coordi- 
nates of  B,  etc.  Also  let  W  denote  the 
weight  of  the  whole  body,  Q  its  center 
of  gravity,  and  x,  ~~,  z,  the  coordinates 
of  Q.  Since  W  is  the  resultant  of  W\, 
W2,  Wz,  etc.,  the  moment  of  W  about  Fig.  156 

any  line  equals  the  algebraic  sum  of  the 

moments  of  Wh  W\,  W3,  etc.,  about  the  same  line  (Art.  8).  Thus,  taking 
moments  about  the  y-axis,  we  get 

Wx  =  W1X1  +  W2X2  +  W3x3  -f-  .  .  ., 

from  which  equation  x  can  be  determined.  Similarly,  by  taking  moments 
about  the  .t-axis  we  can  get  y.  To  get  i,  we  imagine  the  body  turned  until  the 
y-axis  is  vertical,  —  the  coordinate  axes  are  assumed  fixed  to  the  body,  —  and 
then  take  moments  about  the  .r-axis;  or,  what  comes  to  the  same  thing,  we  im- 
agine the  forces  of  gravity  (Wi,  W2,  W3,  etc.)  all  turned  about  their  respective 
points  of  application  until  they  become  parallel  to  the  y-axis,  and  then  take 
moments  with  respect  to  the  .r-axis. 

A  name  for  the  product  of  the  weight  of  the  body  and  the  ordinate  of  its 
center  of  gravity  with  respect  to  a  plane  will  prove  convenient;  we  will  call 
such  product  the  moment  of  the  body  with  respect  to  the  plane.*  Then  the 
equations  mentioned  can  be  rendered  in  the  form  of  a  proposition  as  follows: 
The  moment  of  a  body  with  respect  to  any  plane  equals  the  algebraic  sum 
of  the  moments  of  its  parts  with  respect  to  that  same  plane. 

(i)  As  an  example  we  determine  the  coordinates  of  the  center  of  gravity 
of  a  slender  wire  43  inches  long  bent  as  represented  by  the  heavy  line  in  Fig.  157. 
If  the  weight  of  the  wire  per  unit  length  is  w,  say,  then  the  weights  of  the 
several  straight  portions  beginning  at  the  left  are  as  listed  in  the  schedule 
under  W.  The  coordinates  of  the  respective  centers  of  gravity  are  listed  under 
x,  y,  and  z;  and  the  moments  of  the  parts  with  respect  to  the  yz,  zx,  and  xy 
planes  in  the  last  three  columns  respectively.     The  coordinates  of  the  center 

*  This  moment  does  not  of  course  have  anything  to  do  with  turning  effect  like  the  ordi- 
nary moment  of  a  force  (with  respect  to  a  line  or  point).  To  distinguish  these  moments,  the 
first  is  sometimes  called  a  statical  moment,  not  very  appropriately,  however.  See  also 
Art.  22  for  other  statical  moments. 
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43  w  —  344  'm'i  z—  I92  w  "*"  43  w  =  447  in- 
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43  w  =  4.13  in.;  y  =  148  w  -5- 
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(ii)  As  another  example,  we  determine  the  center  of  gravity  of  a  flat  sheet 
of  tin  consisting  of  three  parts  (Fig.  158),  namely,  a  square,  a  semicircle,  and 
an  equilateral  triangle.  If  s  =  the  side  of  the  square,  and  w  =  the  weight  of 
the  tin  per  unit  area,  then  the  weights  of  the  parts  are  as  scheduled  under  W. 
Obviously,  the  center  of  gravity  of  the  square  is  at  the  intersection  of  the 
diagonals;  in  Art.  24  it  is  explained  that  the  center  of  gravity  of  a  semicircle 
is  4  y/3  w  distant  from  the  center  of  the  circle  where  r  =  radius,  and  that  the 
center  of  gravity  of  a  triangle  is  on  the  medians  of  the  triangle  and  \  a  distant 
from  any  base  where  a  =  altitude  measured  to  that  base.  Hence  the  coor- 
dinates of  the  centers  of  gravity  of  the  parts  are  as  scheduled  under  x  and  y. 
The  moments  of  the  parts  with  respect  to  the  yz  and  zx  planes  are  scheduled 
in  the  last  two  columns  respectively;  hence,  for  the  whole  sheet  of  tin  x  = 
0.571  s3w  -7-  1.826  s2w  =  0.313  s,  and  y  =  0.633  sZw  "="  1-826  s2w  =  0.347  s. 
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§  2.  To  Determine  the  Center  of  Gravity  of  the  Remainder  of  a 
Simple  Body  from  which  one  or  more  simple  parts  have  been  taken,  we  may 
use  the  principles  of  moments  in  modified  form  thus:  The  moment  of  the  re- 
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mainder  of  a  body  with  respect  to  any  plane  equals  the  moment  of  the  whole 
minus  the  moments  of  the  parts  taken  away. 

(iii)  As  an  example,  we  determine  the  center  of  gravity  of  a  cylinder  of  cast 
iron  (specific  weight  450  pounds  per  cubic  foot)  with  a  conical  recess  in  one 
end  and  a  cylindrical  hole  in  the  other,  shown  in  section     y 


The  weights  of  the  complete  solid  cylinder,    |/V--  4-"~>\<—-  5  -~H 


in  Fig.  159. 

of  the  cone,  and  of  the  small  cylinder,  all  as  of  cast  iron, 
are  given  under  W.  The  coordinates  of  the  center  of 
gravity  of  the  solid  cylinder  and  of  the  parts  are  given 
under  x  and  y  (see  Art.  24  for  information  on  cone),  and 
the  moments  with  respect  to  the  yz  and  zx  planes  are 
given  in  the  last  two  columns.  The  weight  of  the 
actual  piece  of  cast  iron  is  327.5  —  (41  -f-  26.2)  =  260.3 
pounds;  the  moments  of  the  piece  equal  1637.5  — 
(205.0  +  78.6)  =  1353.9  and  2620  -  (61.5  -f-  314.4)  = 
2244.1  inch  pounds  respectively.  For  the  piece  of  cast 
iron,  therefore,  x  =  1353.9  "*"  260.3  =  5-2>  and  J  = 
2244.1  -T-  260.3  =  8.6  inches. 


Fig.  159 
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§  3.  Experimental  Methods  may  be  resorted  to  for  finding  the  center  o 
gravity  of  a  body  so  irregular  that  the  foregoing  methods  cannot  be  applied. 
(1)  Method  of  Suspension:  The  body  is  suspended  from  one  point  of  it, 
and  the  direction  of  the  suspending  cord  is  then  marked  in  some  way  on  the 
body;  the  operation  is  repeated  for  another  point  of  suspension.  Since  the 
center  of  gravity  is  in  the  two  lines  or  directions  so  fixed  in  the  body,  it  is  at 

their  intersection. 

(2)  Method  of  Balancing:  The  body  is 
balanced  on  a  straight-edge,  and  the  vertical 
plane  containing  the  edge  is  marked  on  the 
body;  the  operation  is  repeated  for  two  more 
balancing  positions  of  the  body.  Since  the 
center  of  gravity  is  in  the  three  planes  so  fixed 
in  the  body,  it  is  at  their  common  point. 
Fig.  160  This  method  is  readily  applied  to  a  body  in 

the  form  of  a  thin  plane  plate;  for  such  only  two  balancings  are  necessary. 

(3)  Method  of  Weighing:  The  weight  W  of  the  body  is  determined,  and 
then  it  is  supported  on  a  knife-edge  B  (Fig.  160)  and  on  a  point  support  which 
rests  upon  a  platform  scale;  the  reaction  W'.of  the  point  support  is  weighed, 
and  the  horizontal  distance  a  of  the  point  from  the  knife-edge  is  measured; 
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then  the  horizontal  distance  from  the  center  of  gravity  to  the  knife-edge  is 
W'a/W.  In  this  manner  the  horizontal  distances  of  the  center  of  gravity 
from  several  knife-edge  supports  can  be  got  and  the  center  of  gravity  located. 
The  distance  of  the  center  of  gravity  of  a  body  from  the  plane  through  three 
points  of  the  body  can  be  determined  if  the  body  can  be  supported  at  the  points 
and  if  certain  weighings  can  be  performed  as  described.  Let  A,  B,  and  C 
(behind  B  and  not  shown)  be  three  such  points  of  the  body  (Fig.  161) ;  a  =  dis- 
tance of  A  from  the  line  joining  B  and  C;  W=  weight  of  the  body;  W '  = 
weight  recorded  by  the  scale  when  A ,  B,  and  C  are  at  the  same  level  as  shown 


Fig.  161 


in  Fig.  161,  and  W"  =  weight  recorded  by  the  scale  when  A  is  higher  than  B 
and  C  by  any  amount  h  (Fig.  162).  Then  the  distance  y  of  the  center  of  gravity 
from  the  plane  .4  BC  is  given  by 

Va2  -  h2  W  -  W" 

y=  —h w~a' 

Proof:  From  the  first  position  it  is  plain  that  W'a  =  Wx;  from  the  second 
it  follows  that  lT"acos0  =  W(x  cos  9  —  y  sin#).  Solving  these  simultane- 
ously we  get  y  =  (W  -  W")  (a  cot  6)/W;  but  cot  6  =  Va2  -  h2  4-  h,  hence, 
etc. 

^  Centroids  of  Lines,  Surfaces,  and  Solids 

§  1 .  Lines,  surfaces,  and  (geometric)  solids  have  no  weight,  and  therefore 
they  have  no  center  of  gravity  in  the  strict  sense  of  the  term  as  defined  in  the 
preceding  article.  However,  we  do  speak  of  the  center  of  gravity  of  those  geo- 
metric conceptions;  and  we  mean  by  the  term,  the  center  of  gravity  of  the  line, 
surface,  or  volume  materialized,  that  is,  conceived  as  a  homogeneous  slender 
wire,  thin  plate,  or  body,  respectively .  The  center  of  gravity  of  a  line,  surface, 
or  solid  is  sometimes  spoken  of  as  the  center  of  gravity  of  the  length  (of  the 
line),  area  (of  the  surface),  and  volume  (of  the  solid).  The  term  centroid  has 
been  proposed  as  a  substitute  for  center  of  gravity  when  applied  to  lines,  sur- 
faces, and  solids  as  being  more  appropriate;  the  new  term  is  given  preference 
in  this  book. 

If  a  given  line,  surface,  or  solid  is  imagined  as  materialized,  then  we  can 
apply  the  principle  of  moments  (Art.  21)  to  it.  Thus,  if  W  =  the  weight  of 
the  whole  materialized  line,  surface,  or  solid,  W\,  W2,  Wz,  etc.,  =  the  weights 
of  all  the  parts  into  which  we  imagine  it  divided,  x  =  the  coordinate  of  the 
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center  of  gravity  of  the  whole  with  reference  to  some  convenient  reference 
plane,  and  X\,  Xo,  xi}  etc.,  =  the  coordinates  of  the  centers  of  gravity  of  all  the 
parts  respectively,  then 

Wx  =  WiX!  +  W2X2  +  WaXs  +  •  •  •  . 

But  the  weights  W,  W\,  W2,  Wz,  etc.,  are  proportional  to  the  respective  lengths 
(L,  Lh  L2,  L3,  etc.)  or  areas  (A,  Ai,  A<i,  A3,  etc.)  or  volumes  (V,  Vh  Vo,  V3,  etc.), 
as  the  case  may  be ;  and  therefore  it  follows  from  the  preceding  equations  that 

for  lines,  Lx  =  L1X1  +  L2x^  +  Z.3.V3  +  ■  •  •  , 

for  surfaces,     Ax  =  A\X\  -\-  A2X2  +  ^3^3+  •  •  •  , 

and  for  solids,  Vx  =  Fi#i  -f  F2X2  +  F3X3  +   •  •  •  . 

The  foregoing  formulas  can  be  rendered  conveniently  in  a  single  statement 
of  words  or  proposition  by  means  of  a  new  term  which  we  now  define.  The 
moment  of  a  line,  surface,  or  solid  with  respect  to  a  plane  is  the  product  of  the 
length  of  the  line,  area  of  the  surface,  or  volume  of  the  solid  and  the  coordinate 
of  the  centroid  of  the  line,  surface,  or  solid  with  respect  to  that  plane.  (The 
moment  of  a  plane  line  or  surface  with  respect  to  a  plane  perpendicular  to 
the  plane  of  the  line  or  surface  is  also  called  its  moment  with  respect  to  the 
line  of  intersection  of  the  two  planes.)  The  proposition  or  principle  of  mo- 
ments, then,  is  this:  The  moment  of  a  line,  surface,  or  solid  with  respect  to  any 
plane  equals  the  algebraic  sum  of  the  moments  of  the  parts  of  that  line,  surface, 
or  solid  into  which  we  imagine  the  whole  divided,  with  respect  to  that  same 
plane.*  The  principle  of  moments  can  be  used  to  determine  the  centroids  of 
all  geometrical  bodies  which  can  be  divided  up  into  parts  whose  magnitudes 
and  centroids  are  known.     Three  examples  follow: 

(i)  Let  it  be  required  to  locate  the  centroid  of  the  line 
represented  (heavily)  in  Fig.  163,  the  curved  portion  being 
a  circular  arc;  given  that  each  coordinate  of  the  centroid 
of  the  arc  is  6.366  inches  (Art.  24).  Let  x  denote  the  x 
coordinate  of  the  centroid  of  the  line;  then  taking  moments 
about  OY  (the  length  of  the  line  =  35.7  inches),  35.7  x  = 
10  X  o  +  10  X  5  +  15.71  X  6.366,  or  x  =  4.20  inches. 
Obviously,  the  y  coordinate  also  equals  4.20  inches.  $ 

(ii)  Let  it  be  required  to  locate  the  centroid  of  the  shaded  area  in  Fig.  164, 
which  represents  the  cross  section  of  a  "channel"  (a  form  of  steel  beam  much 
used  in  construction).  We  consider  the  section  as  divided  into  a  rectangle, 
0.40  by  15  inches,  and  two  trapezoids.  The  distance  of  the  centroid  of  either 
trapezoid  from  its  longer  base  is  given  by  3  (0.90  +  0.80)  4-  3  (0.90  +  0.40)  = 
1. 3 1  inches  (Art.  24).  The  second  column  of  the  adjoining  schedule  gives  the 
areas  of  the  parts;  the  third,  the  centroidal  coordinates  with  respect  to  the  base 

*  Of  course  these  moments  have  nothing  to  do  with  turning  effects  like  the  moment  of  a 
force  with  respect  to  a  line  or  a  point.  To  distinguish  these  moments,  the  former  are  some- 
times called  statical  moments,  not  very  appropriately,  however. 
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of  the  section;  and  the  last,  the  moments  with  respect  to  that  base.  The  dis- 
tance of  the  centroid  of  the  entire  section  from  the  base  is  7.70  -f-  9.8  =  0.79 
inch. 
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Fig.  165 


(iii)  Let  it  be  required  to  locate  the  centroid  of  a  solid  consisting  of  a  cone, 
a  cube,  and  a  hemisphere  as  represented,  in  section,  in  Fig.  165;  given  that  the 
centroid  of  the  cone  is  2  inches  from  its  base,  and  that  of  the  hemisphere  is 
3  inches  from  its  base  (Art.  24).  The  volumes  of  the  parts,  the  x  coordinates 
of  their  centroids,  and  the  moments  with  respect  to  the  yz  plane  are  as 
recorded  in  the  adjoining  schedule.  The  total  volume  is  5704.5  in.3  and 
the  algebraic  sum  of  the  moments  of  the  parts  is  —6433  in.4;  therefore  x  = 
—  6433  "*"  57°4-5  =  —  I-I3  inches,  the  negative  sign  indicating  that  the  cen- 
troid of  the  whole  solid  is  to  the  left  of  0 
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Yl<-  6-'">|<---  6  -  He  §  2'  To  Determine  the  Centroid  of  the  Remain- 

der of  a  Simple  Figure  from  which  one  or  more 
simple  parts  have  been  taken,  we  may  use  the  prin- 
ciple of  moments  in  the  following  modified  form.  The 
moment  of  the  remainder  of  a  figure  with  respect  to 
any  plane  equals  the  moment  of  the  whole  minus  the 
moments  of  the  parts  taken  away.  For  example,  let  it 
Fig.  166  be  required  to  determine  the  centroid  of  the  shaded 

area  in  Fig.  166,  the  part  of  the  square  remaining  after  the  triangle  and  the 
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quadrant  have  been  taken  away;  given  that  the  centroid  of  the  triangle  is 
2  inches  from  OY  and  4  inches  from  YC,  and  that  the  centroid  of  the  quadrant 
is  2.54  inches  from  OX  and  CX  (see  Art.  24).  The  areas,  centroidal  coordi- 
nates, and  moments  appear  in  the  adjoining  schedule.  The  area  of  the  shaded 
portion  is  144  —  (36  +  28.27)  =  79.73  square  inches,  and  the  moments  of  the 
shaded  part  with  respect  to  the  y  and  x  axes  are  864  —  (72  -f-  266.9)  =  525-1 
and  864  —  (288 -f- 71.8)  =  494.2  cubic  inches  respectively.  Therefore  x  = 
525.1  -^  79.73  =  6.59,   and   y  =  494.2  -^  79.73  =  6.20  inches. 
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j%£.   Centroids  Determined  by  Integration 

§  1.  If  it  is  desired  to  locate  the  centroid  of  a  line,  a  surface,  or  a  solid  which 
cannot  be  divided  into  a  finite  number  of  simple  parts  whose  lengths,  areas,  or 
volumes  and  centroids  are  known,  and  if  the  line,  surface,  or  solid  is  "mathe- 
matically regular,"  then  we  imagine  the  line,  surface,  or  solid  divided  into  an 
infinitely  great  number  of  parts,  and  apply  the  principle  of  moments.  To 
find  the  sum  of  the  moments  of  all  these  elementary  parts  involves  an  integra- 
tion. Thus,  let  L  =  the  length  of  a  line,  x  =  the  x  coordinate  of  its  centroid, 
dLi,  dL2,  dLz,  etc.  =  the  lengths  of  elementary  portions  of  the  line,  and  Xi, 
x-2,  Xs,  etc.  =  the  x  coordinates  of  the  centroids  of  those  portions  respectively, 


then 


Lx  =  dLi  •  Xi  -f-  JZ2  •  X2  +  dL3  •  x3  -f- 


=    /  dL  •  x, 


in  which  dL  stands  for  any  of  the  elementary  lengths  and  x  for  the  x  coordinate 
of  the  centroid  of  that  dL.  Similarly,  for  areas  and  volumes;  and  thus  we 
have  these  formulas: 

(1)  Lx  =    I  dL-  x;    (2)  Ax  =    J  dA  •  x;    (3)  Vx  =    J  dV  •  x, 

and  corresponding  ones  for  y  and  z  (the  y  and  2  coordinates  of  the  centroid). 

These  formulas  can  be  used  to  determine  x,  y,  and  z  if  the  form  of  the  line, 
surface,  or  solid  is  such  that  the  integrations  can  be  performed.  In  any  par- 
ticular case,  limits  of  integration  must  be  assigned  so  that  all  elementary  por- 
tions are  included  in  the  integration  (summation).*  Six  examples  illustrating 
their  use  follow: 

*  The  centroid  is  a  mean  point.  The  ordinate  from  any  plane  to  the  centroid  of  a  line, 
surface,  or  solid  equals  the  mean  of  the  ordinates  of  all  the  equal  elementary  portions  of  the 
line,  surface,  or  solid,  it  being  understood  that  the  mean  takes  into  account  signs  of  the  ordi- 
nates.    For,  let  xi,  X2,  X3,  etc.,  be  the  ordinates  of  the  elementary  portions  and  n  the  number 
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(i)  Circular  arc;  radius  =  r  and  central  angle  =  2  a  (Fig.  167).  The  radius 
which  bisects  the  central  angle  is  a  line  of  symmetry,  therefore  the  centroid  is 
on  that  line ;  if  that  line  is  taken  as  x  axis,  then  ~y  —  o.  The  length  of  the  arc  = 
2  ra  (a  expressed  in  radians),  dL  =  rd<j),  and  x  =  r  cos  <f>;  therefore  formula  (1) 
becomes 


2  rax 


f*+a  f'+a 

=    l      rdcj>  •  rcoscj)  =  r2  J      cos  4>d<f>  =  2  r2  sin  a;  or  x  =  (r  sin  a)  -f-  a. 

U —a  *J —a 


(ii)  The  preceding  problem  will  now  be  solved  without  using  polar  coordi- 
nates.    Since  x2  +  y2  =  r2,  xdx  +  ydy  =  o,  or  dy  =  —  (x  dx)/y.     Hence 


and 


dL  =  Vdx2  +  dy2  =  dx  Vi  +  x2/y2  =  dx  r/y  =  dx  r/Vr2  -  x2, 

Ji'  Uvv 


2  rax 


=    \xdL=2r   I  ==2r2sma\   etc. 

«-'  ^  r  cos  a  *  ^"  X 


Fig.  168 


liVrhe  parabolic  segment  AOBA  (Fig.  168);  altitude  =  a  and  base  =  6. 
Evidently  the  axis  of  the  parabola  is  a  line  of  symmetry,  and  therefore  it 
contains  the  centroid.  If  that  line  be  taken  as  the  x  axis,  then  y  =  o.  Let 
x  and  y  be  the  coordinates  of  any  point  P  on  the  parabola;  then  the  area  of  the 
elementary  portion  shaded  is  2  y  dx.  Since  the  area  of  the  segment  is  §  ab, 
and  the  equation  of  the  parabola  is  4  ay2  =  b2x,  formula  (2)  becomes 

-  abx  =    f    2  y  dx  •  x  =  —^  \    «i  dx=  -  ba2; 
3  Jo  vWo  5 


and 


—      2  2  ■? 

a;  =  -  6a2  -J-  -  ab  =  -  a. 

5  3  5 


of  them  (infinite);  then  the  mean  ordinate  is  (*i  +  x2  +  x3  +  •  •  ■)  -*•  »;  also,  let  Q  =  the 
length,  area,  or  volume  of  the  line,  surface,  or  solid,  and  dQ  =  the  length,  area,  or  volume  of 
the  equal  elementary  portions;  then  the  mean  ordinate  equals 


(xi  +  x2  +  • 
ndQ 


■)dQ 


jdQ 


=  x. 
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(iv)  Circular  sector  (Fig.  169);  radius  =  r  and  central  angle  =  2  a.  The 
radius  which  bisects  the  central  angle  is  evidently  a  line  of  symmetry,  and  so 
the  centroid  is  on  that  line.  If  that  line  is  taken  as  x  axis,  then  y  =  o.  The 
area  of  the  sector  equals  r2a,  a  expressed  in  radians;  dA  =  pd<f>'dp,  where 
p  =  OP  and  P  is  any  point  in  the  sector.    Therefore  formula  (2)  becomes 


r2ax 


Jfr    p+a  pr    p+a 

I      pd<(>dp'X=    I     I      p  d(f>  dp  •  p  cos  #; 
0    J— a  Jo    J— a 


and 


x  =  [  -  r3  sin  a )  -7- 
\3 


r'-a    = 


2  r  sin  a 
3« 


(v)  Conical  or  pyramidal  solid;  altitude  =  a  (Fig.  170).  We  take  the  origin 
of  coordinates  at  the  apex,  and  the  x  axis  perpendicular  to  the  base;  OMNO 
represents  the  projection  of  the  cone  or  pyramid  on  the  XY  plane.  We  imagine 
the  solid  divided  into  plates  or  laminas  parallel  to  the  base;  if  the  area  of  the 
base  is  called  A,  say,  then  the  area  of  the  lamina  represented  is  Ax2 /a2,  and  the 
volume  of  the  lamina  is  dx  •  Ax2/ a2.  And  since  the  volume  of  the  solid  is  |  Aa, 
formula  (3)  becomes 


-  Aax  —    /    (dx  •  Ax2/ a2)  x  =  A/a2   I    x3dx  = 
3  ^0  Jo 


A  a2 


k a- H 

Fig.  170 


Fig.  171 


hence,  x  =  f  a,  that  is,  the  perpendicular  distance  from  the  centroid  to  the 
base  equals  one-fourth  the  altitude.  Evidently,  the  centroid  of  every  lamina 
lies  on  the  line  joining  the  apex  and  the  centroid  of  the  base;  therefore  the 
centroid  of  all  the  laminas  (that  is,  the  solid)  lies  on  that  line. 

(vi)  Octant  of  a  sphere;  radius  =  r  (Fig.  171).    Obviously  x  =  y  =  z;  x  is 
given  by 

/  (dxdydz)x. 

Jo 

Evaluating  the  integral  and  substituting  for  V  its  value,  3  wr3,  we  find  that 

x  =  I  r. 

§  2.  Surfaces  and  Solids  of  Revolution.  —  For  surfaces,  we  use  formula 
(2)  and  select  as  element  the  surface  described  by  an  elementary  part  of  the 
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generating  curve  MN  (Fig.  172).    Let  the  x  axis  be  taken  coincident  with  the 
axis  of  revolution;  then  the  area  described  by  a  part  of  the  generating  curve 

of  length  ds  is  2  Try  ds.  The  centroid  of 
this  area  is  in  the  x  axis,  and  its  x  coor- 
dinate is  the  x  in  the  figure;  hence  if  A 
stands  for  the  area  of  the  surface  of 
revolution, 


X  Ax  =  2 t   I  yds -X,  or  x  =  —r-   I  xy ds. 


Fig.  172 


Fig.  173 


The  limits  of  integration  must  be  assigned 
so  that  each  product  xy  ds  will  be  in- 
cluded in  the  integration. 

For  solids,  we  use  formula  (3),  and 
take  as  element  that  volume  generated 
by  an  elementary  part  of  the  generating 
plane  MPN  (Fig.  173)  which  is  included  between  two  lines  perpendicular  to 
the  axis  of  revolution.  Thus,  if  the  x  axis  is  taken  coincident  with  the  axis  of 
revolution,  then  PQgp  generates  the  elementary  volume,  or  dV  =  ir  {y£  — 
yi2)  dx.  Now  the  centroid  of  this  elementary  volume  is  in  the  x  axis,  and  its 
x  coordinate  is  the  x  in  the  figure;  hence  if  V  denotes  the  volume  of  the  solid 
of  revolution,  then 

Vx  =  it  I  (y22  —  yi2)  dx'X,  or  x  =  y.  J  {y<?  —  y?)x  dx. 

The  limits  of  integration  are  to  be  assigned  so  that  each  product  (y<?  —  y?)x  dx 
will  be  included  in  the  integration.* 

*  Theorems  of  Pappus  and  Guldinus.  —  These  relate  primarily  to  the  determination  of 
the  area  and  volume  of  a  solid  of  revolution;  they  involve  the  centroid  of  the  generating  curve 
or  plane,  and  are  therefore  mentioned  in  this  place.  (1)  The  first  theorem  states  that  the 
area  of  a  surface  of  revolution  generated  by  a  plane  curve  revolved  about  a  line  in  its  plane 
equals  the  product  of  the  length  of  the  curve  and  the  circumference  of  the  circle  described  by 
the  centroid  of  the  curve.  Proof:  Let  MN  (Fig.  172)  be  the  generating  curve,  L  =  length 
of  the  curve,  y  =  the  ordinate  of  the  centroid  of  L  from  the  axis  of  revolution,  and  A  =  area 
of  the  surface  generated.    Then 

A  =  J  2  -rry  dL  and  yL  =    J  y  dL. 

Combining  these  equations  we  get  A  =  L  2  -wy ,  which  is  the  proposition  in  mathematical 
form.  (2)  The  second  theorem  states  that  the  volume  of  a  solid  of  revolution  generated  by  a 
plane  figure  revolved  about  an  axis  in  the  plane  equals  the  product  of  the  area  of  the  figure  and 
the  circumference  of  the  circle  described  by  its  centroid.  Proof:  Let  MPN  (Fig.  173)  be  the 
generating  plane,  a  =  area  of  the  plane,  y  =  the  ordinate  of  the  centroid  of  a  from  the  axis 
of  revolution,  and  V  —  volume  of  the  solid  generated.     Then 

V  =  Jir(y22  —  yi2)  dx,  and  from  eq.   (2),  ay  =  J  (y2  —  yi)  dx  \  (y2  +  yi). 

Combining  these  equations  we  get  V  —  a  2  icy,  which  is  the  proposition  in  mathematical  form. 

To  illustrate,  we  determine  the  area  of  the  surface  generated  by  revolving  the  circular  arc 

ABC  (Fig.  175)  about  AC,  and  the  volume  of  the  solid  generated  by  revolving  the  figure 
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For  an  illustration  imagine  the  quadrant  XY  (Fig.  174)  rotated  about  OX 
so  as  to  generate  a  hemisphere.  The  positions  of  the  centroids  of  the  surface 
and  solid  generated  could  be  computed  as  follows:  (i)  The  area  of  the  hemi- 
sphere is  2  tit2,  x  =  r  sin  0,  y  =  r  cos  <f>,  and  ds  =  r  d<j>;  hence  for  the  area 

IT 

x  =  (2 w  -T-  2 x/-2)   J  xyds  =  r  J    sin <£ cos 4>d4>  =  \r. 


Fig.  174  Fig.  175  Fig.  176 

(ii)  The  volume  of  the  hemisphere  is  f  7ir3,  y2  =  r  cos  <f>,  x=  r  sin  0,  and  dx  = 
r  ccs  <t>d4>;  hence  for  the  volume 


x 


(t  -t-  §  xr3)    J   (v22  —  o)  .r  J.r  =  (3  r/2)  J    cos3  <£  sin0  d<p  = 


§3.  The  centroid  of  an  irregular  plane  surface  or  figure  can  be  determined 
graphically  or  experimentally.  The  graphical  method  requires  the  use  of  a 
planimeter  or  other  device  for  measuring  an  area.  Let  aaa'a'  (Fig.  176)  be 
the  figure  whose  centroid  is  to  be  located,  (i)  Take  OX  and  YX'  on  opposite 
sides  of  the  figure  at  any  convenient  distance  /  apart,  (ii)  Project  any  width 
of  the  figure  as  aa  on  YX';  connect  projections  bb  with  any  point  on  OX  as 
Q,  and  note  the  intersections  cc.  (iii)  Repeat  (ii)  for  other  widths  as  a'a' ,  and 
then  connect  all  points  like  c  by  a  smooth  curve,  (iv)  Measure  the  area  A' 
included  by  this  curve,  and  the  area  A  of  the  given  figure.  Then  A'l  is  the 
(statical)  moment  of  A  with  respect  to  OX  (proof  follows),  and  hence  the  dis- 
tance from  OX  to  the  centroid  is  y  =  A'l  -5-  A.  Proof:  Let  w  =  any  width 
of  the  figure  as  aa,  and  w'  the  corresponding  width  cc  of  the  derived  curve;  then 
the  moment  of  A  with  respect  to  OX  is 

ywdy  =    I    lwf  dy  =  I  J    wr  dy  =  lAf. 

To  determine  the  centroid  experimentally  cut  a  piece  of  stiff  cardboard  into 
the  shape  of  the  irregular  figure,  and  find  its  center  of  gravity  by  balancing 
as  explained  in  Art.  21 ;   this  point  locates  the  centroid  sought. 

ABC  A  about  AC.  The  length  of  the  arc  =  10.47  inches;  the  distance  of  its  centroid  from 
AC  =  0.89  inch  (Art.  24);  hence  A  =  10.47  X  21  X  0.89  =  58.5  square  inches.  The  area  of 
ABC  A  =  9.06  square  inches;  the  distance  of  its  centroid  from  AC  =  0.54  inch;  hence  V  = 
0.06  X  2  7r  X  0.54  =  30.7  cubic  inches. 

The  theorems  A  =  L  2  try  and  V  =  a  2  wy  can  be  used  also  for  computing  y  if  A  and  L. 
or  V  and  a  (as  the  case  may  be),  are  known. 
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24.   Centroids  of  Some  Lines,  Surfaces,  and  Solids 

Circular  Arc  (Fig.  177).  —  C  is  the  centroid;  its  distance  from  the  center  is 
(r  sin  a) /a,  the  divisor  a  to  be  expressed  in  radians  (1  degree  =  0.0175  radian) ; 

the  distance  is  also  rc/s,  where  5  =  arc.  If  the  arc  is  flat 
then  the  distance  of  its  centroid  from  the  chord  is  nearly 
§  h;  the  discrepancy  is  less  than  one-half  per  cent  for 
arcs  whose  central  angle  2  a  is  less  than  60  degrees. 

When  the  arc  is  a  semicircle,  then  the  distance  from 
the  centroid  to  the  center  is  2  r/ir  =  0.6366  r.  When  the 
arc  is  a  quadrant,  then  the  distance  to  the  center  is 
2  r  V2/-7T  =  0.9003  r,  and  the  distance  to  the  radii  OA  and 
OB  is  2  r/ir  =  0.6366  r. 
Triangle.  —  The  centroid  is  at  the  intersection  of  the  medians;  its  per- 
pendicular distance  from  any  side  equals  one-third  the  altitude  of  the  triangle 
measured  from  that  side.  If  Xi,  x2,  and  x3  are  the  coordinates  of  the  vertexes 
with  respect  to  any  plane  and  x  the  coordinate  of  the  centroid,  then  x  = 
{xi  +  x%  +  x3). 


Fig.  177 
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Fig.  180 


Trapezoid.  —  The  centroid  is  on  the  median  (line  joining  the  middle  points 
of  the  parallel  sides)  (Fig.  178); 


/  = 


(B-  b)a 
6(B  +  b)' 


m 


(2B  +  b)a 
3(B  +  b) 


n  = 


{B+2b)a 
3(B  +  V  ' 


Two  geometrical  constructions  for  locating  position  on  the  median  follow: 
(1)  Extend  AE  (Fig.  179)  so  that  BE  =  CD,  and  in  the  opposite  direction 
extend  CD  so  that  DF  —  AB;  the  intersection  of  FE  and  the  median  GH  is 
the  centroid  sought.  (2)  Divide  the  trapezoid  (Fig.  180)  into  triangles  by  a 
diagonal  as  AC;  find  the  centroids  Gi  and  G2  of  the  triangles  (construction 
indicated  in  the  figure) ;  the  intersection  G\Go.  with  the  median  EF  is  the  cen- 
troid sought. 

Quadrilateral.  —  (1)  Divide  the  quadrilateral  into  triangles  by  a  diagonal  AC 
(Fig.  181)  and  find  their  centroids  d  and  G2;  divide  it  into  triangles  by  the 
other  diagonal  and  find  their  centroids  Gz  and  d;  the  intersections  of  the  lines 
G1G2  and  G3G4  is  the  centroid  sought.  (2)  Divide  the  sides  into  thirds  (Fig. 
182),  and  draw  lines  through  the  third  points  as  shown;  these  lines  form  a 
parallelogram  whose  diagonals  intersect  at  the  centroid  of  the  quadrilateral. 
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Sector  of  a  Circle  (Fig.  183).  —  C  is  the  centroid;  its  distance  from  the  center 
is  §  (r  sin  a)/a,  the  divisor  a  to  be  expressed  in  radians  (1  degree  =  0.0175 
radian) ;  the  distance  also  equals  §  rc/s,  where  s  =  arc. 


Fig.  181 

When  the  sector  is  a  quadrant,  then  the  distance  of  the  centroid  from  the 
center  is  4  V  2  r/3  7r  =  0.6002  r;  and  the  distance  to  the  radii  OA  and  OB  is 
4  r/3  7r  =  0.4242  r.  For  a  semicircle  the  distance  from  diameter  to  centroid 
is  4  r/3  it  =  0.4242  r. 


Fig.  183 


Fig.  18= 


Sector  of  a  Circular  Ring  (Fig.  184).  —  The  distance  from  the  centroid  to  the 
center  is 


R* 


r*  sm  a 


3  R2-  r2      a 

the  divisor  a  to  be  expressed  in  radians  (1  degree  =  0.0T75  radian). 

Segment  of  a  Circle  (Fig.  185).  —  The  distance  from  the  centroid  to  the 
center  is 


2  r3  sin3  a 


12  A  3  A 

where  A  denotes  the  area  of  the  segment.     A  =  r2  (2  a  —  sin  2  a),  the  first 
a  to  be  expressed  in  radians  (1  degree  =  0.0175  radian). 


Ok—  |a  — » 
t<— - ?- a 


Fig.  186 


Fig.  187 
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The  Area  Shaded  in  Fig.  186,  included  between  a  quadrant  and  the  tangents 
at  its  extremities.  The  distance  of  the  centroid  from  the  bounding  tangents 
is  0.223  r,  and  the  distance  to  their  intersection  is  0.315  r. 

Parabolic  Segments  (Fig.  187). — C\  and  Ci  are  the  centroids  of  the  shaded 
parts.  Their  distances  from  the  sides  of  the  inclosing  rectangle  (a  X  b)  are 
marked  in  the  figure. 

Elliptic  Segment  (Fig.  188).  —  The  centroid  of  the  segment  XAAX  coincides 
with  the  centroid  of  the  segment  XaaX  of  the  circumscribed  circle;  the  cen- 
troid of  the  segment  YBBY  coincides  with  the  centroid  of  the  YbbY  of  the 
inscribed  circle. 


Fig.  188 


Fig.  189 


Right  Circular  Cylinder  (Fig.  189). — C  is  the  centroid;  its  distance  from 
the  axis  of  the  cylinder  is  \  (r2  tan  a)/h,  and  its  distance  from  the  base  is 
§  k  +  §  (r2  tan2  a)/h.  When  the  oblique  top  cuts  the  base  in  a  diameter  of 
the  base  (lower  part  of  Fig.  189),  then  the  distance  from  the  centroid  to,  the 
axis  is  T\  7rr,  and  to  the  base  ^  wa. 

Cone  and  Pyramid.  —  The  centroid  of  the  surface  (not  including  base)  is  on 
a  line  joining  the  apex  with  the  centroid  of  the  perimeter  of  the  base  at  a  dis- 
tance of  two-thirds  the  length  of  that  line  from  the  apex.  The  centroid  of  the 
solid  cone  or  pyramid  is  on  the  lines  joining  the  apex  with  centroid  of  the  base 
at  a  distance  of  three-fourths  the  length  of  that  line  from  the  apex. 

Frustum  of  a  Circular  Cone.  —  Let  R  =  radius  larger  base,  r  —  radius  smaller, 
a  =  altitude.  The  distance  of  the  centroid  of  the  curved  surface  from  larger 
base  is  |  a(R  +  2  r) / (R -\- r) ;  from  smaller  base  §  0(2  R  -f-  r)/(R  -f-  r); 
from  a  plane  midway  between  bases  ^  a(R  —  r)/{R  +  r).  The  distance  from 
the  centroid  of  the  solid  frustum  to  the  larger  base  is 

I  a(R2  +2Rr  +  r2)/(R2  +  Rr  +  r2). 

Frustum  of  a  Pyramid.  —  If  the  frustum  has  regular  bases,  let  R  and  r  be 
the  lengths  of  sides  of  the  larger  and  smaller  bases,  and  h  the  altitude;  then 
the  distance  of  the  centroid  of  the  surface  (not  including  bases)  from  the  larger 
base  is  ^  h(R  +  2  r)/(R  +  r).  Whether  the  bases  are  regular  or  not,  let  A 
and  a  =  the  areas  of  the  large  and  small  bases  and  h  the  altitude;  then  the 
distance  of  the  centroid  of  the  solid  from  the  larger  base  is 

\h{A  +  2  VAa  +  3  a) /(A  +  Via  +  a). 
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Obelisk  and  Wedge  (Fig.  190). 
centroid  to  the  base  AB  is 


The  distance  from  the 


§h(AB  +  Ab  +  aB  +  3  c6)/(a  AB  +  Ab  +  aB  +  2  oft). 

If  &  =  o  the  solid  is  a  wedge,  and  the  distance  from  the 
centroid  to  the  base  is 


Sphere.  —  The  centroid  of  any  zone  (surface)  of  a  sphere 
(Fig.  191)  is  midway  between  the  bases. 


Fig.  190 

The  distance  of  the  centroid  of  a 
segment  (solid)  (Fig.  192)  from  the  base  is  j  h{\  r  —  A)/ (3  r  —  h);  when  k=  r 
(hemisphere)  then  the  distance  is  §  r.  The  distance  of  the  centroid  of  a  sector 
(solid)  (Fig.  193)  from  the  center  of  the  sphere  is  f  (1  -f-  cos  a)  r  =  §  (2  r  —  h). 


Fig.  193 


Ellipsoid.  —  Let  the  three  axes  be  taken  as  x,  y,  and  2  coordinate  axes,  and 
a,  b,  and  c  to  denote  the  semi-lengths  of  the  corresponding  axes  of  the  ellipsoid; 
the  centroid  of  one  octant  of  the  solid  is  given  by  x  =  §  a,  y  =  f  b,  and  z  =  f  c. 

Paraboloid  of  Revolution,  formed  by  revolving  a  parabola  about  its  axis. 
Let  h  =  height  of  the  paraboloid,  the  distance  from  its  apex  to  the  base,  then 
the  distance  from  the  centroid  of  the  solid  to  the  base  is  \  h. 


PROBLEMS 


The  number  in  Parentheses  following  a  problem  number  refers  to  the  article 
which  pertains  to  that  problem. 

i-(3).  Compound  the  80  and  no  lb.  forces  (Fig.  1)  by  means  of  the  parallelogram 
law.  (To  describe  the  line  of  action  of  the  resultant,  note  where  it  cuts  edges  of  the 
square  board.     Use  scales  of  about  4  ins.  and  40  lbs.  to  the  inch.)* 

2-($).  Compound  the  50  and  60  lb.  forces 
(Fig.  1)  by  means  of  the  triangle  law.  (Make 
the  vector  diagram  separate  from  the  space 
diagram,  and  use  standard  notation.) 

3-~(3)-  Compound  the  60  and  70  lb.  forces 
(Fig.  1)  algebraically.  (Specify  the  direction 
of  the  resultant  by  means  of  the  angles  between 
it  and  the  two  given  forces.) 

4~(3)-  Compound  the  50  and  90  lb.  forces 
(Fig.  1). 

5~(3).  Resolve  the  40  lb.  force  (Fig.  1)  into 
two  components,  one  parallel  to  the  70  lb.  force 
and  one  vertical,  by  a  graphical  method. f 

6-(3).   Resolve  the  100  lb.  force  (Fig.  1)  into  two  components,  one  of  which  acts 
in  the  lower  edge  of  the  square  and  the  other  through  the  upper  right-hand  corner. 
7~(3).   Resolve  the  no  lb.  force  (Fig.  1)  into  horizontal  and  vertical  components. 
8-(3) .   Draw  a  square  and  letter  the  corners  A ,  B,  C,  and  D  consecutively.     Imagine 

a  force  of  100  lbs.  to  act  in  AB  and  in  the  direction 
AB.  Resolve  it  into  components  acting  in  the  other 
three  sides. 

q-(4).  Compound  the  40,  50,  60,  and  70  lb. 
forces  (Fig.  1)  graphically.  (Do  not  draw  the  force 
polygon  in  the  space  diagram;  use  standard  nota- 
tion.) 

io-(4).  Compound  the  70,  90,  100,  and  no  lb. 
forces  (Fig.  1)  algebraically.  (Specify  the  direction 
of  the  resultant  by  means  of  the  angle  between  it 
and  the  horizontal.) 

n-(4).    Compound  the  four  forces  of  the  cube  in 
Fig.  2. 
i2-(s).   Compute  the  moment  of  the  60  lb.  force  (Fig.  1)  about  point  1. 

*  Complete  composition  requires  that  the  magnitude,  line  of  action,  and  sense  of  the 
resultant  be  determined. 

t  Complete  resolution  requires  that   the  magnitude,  line  of    action,  and  sense  of  each 
component  be  determined. 

01 


Fig.  2 


02 


Prob.  3-7 


I3-(S).  Compute  the  moment  of  the  40  lb.  force  (Fig.  1)  about  point  2,  making  use 
of  the  principle  of  moments. 

14.  A  certain  chimney  is  150  ft.  high  and  weighs  137,500  lbs.  Suppose  that  it  is 
subjected  to  a  horizontal  wind  pressure  of  54,000  lbs.,  uniformly  distributed  along 
its  height.  Determine  where  the  line  of  action  of  the  resultant  of  the  weight  and 
pressure  cuts  the  ground. 

15.  Fig.  3  represents  the  cross  section  of  a  masonry  dam.      It  weighs  150  lbs /ft3 

and  the  water  pressure  against  it  is  112,500  lbs.  per 
foot  length  of  dam.  The  resultant  pressure  acts  at 
right  angles  to  the  face  of  the  dam  and  20  ft.  above 
its  base.  The  center  of  gravity  of  the  cross  section 
is  11.46  ft.  from  the  face  of  the  dam  and  24  ft.  above 
the  base.  Find  where  the  resultant  of  the  weight 
and  the  pressure  cuts  the  base. 

i6-(5).   Imagine  a  clockwise  couple  of  2  ft-lbs.  to 
act  on  the  square  board  of  Fig.  1.     Then  compound  the  couple  and  the  40  lb.  force. 

I7— (s)-  Fig.  4  represents  a  3  ft.  pulley  on  the  end  of  a  shaft;  the 
pulley  is  subjected  to  a  pull  of  100  lbs.  applied  tangentially  as  shown. 
Resolve  the  force  into  a  force  acting  through  the  center  of  the  pulley 
and  a  couple. 

i8-(6).  Compound  the  four  forces  (wind  pressures)  represented  in 
Fig.  5.  (Be  prepared  to  give  the  inclination  of  the  resultant  and  the 
point  where  the  line  of  action  cuts  the  floor.) 

io-(6).  Fig.  6  represents  one-half  of  an  arch  and  certain  loads  applied  to  it. 
Pi  =  4000,   P2  =  5000,   P3  —  6000,   and  Pi  —  10,000  lbs.;    their  inclinations  are 
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Fig.  5  Fig.  7 

o°,  30,  8°,  and  120  respectively;  the  coordinates  of  points  1,  2,  3,  and  4  are  (1.6,  0.1), 
(4-9,  0.7),  (8.4,  2.1),  and  (12.8,  4.8),  all  in  feet.  Compound  the  four  loads  by  the 
second  method.  (Specify  the  line  of  action  of  the  resultant  by  means  of  the  angle 
between  it  and  the  x  axis  and  the  intercept  on  that  axis.) 

20-(7).   Determine  the  resultant  of  the  locomotive  wheel-loads  (Fig.  7). 
2i-(7).   Determine  the  resultant  of  the  loads  described  in  Prob.  19  algebraically. 
ygg-(8).    Compute  the  moments  of  each  of  the  forces  represented  in  Fig.  2  about 
the  x,  y,  and  2  axes. 
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23~(8).  Determine  the  resultant  of  the  three  couples  acting  on  the  4  ft.  cube  repre- 
sented in  Fig.  8.  (Specify  the  plane  of  the  resultant  by  means  of  the  angles  which 
a  normal  to  the  plane  makes  with  the  edges  of  the  cube.) 

©4~(9).   Determine  the  resultant  of  all  except  the  300  lb.  forces  (Fig.  8). 

2 „--(io).    State  what  you  can  about  the  resultant  in  the  following  cases: 

(a)  A  system  of  coplanar  concurrent  forces  for  which  xFy  =  0;  for  which 

M  20  =  o;  for  which  the  force  polygon  closes. 

(b)  A  system  of  noncoplanar  concurrent  forces  for  which  ZFX  =  o. 

(c)  A  system  of  coplanar  parallel  forces  for  which  XFX  =  0;   for  which 

AfZa  =  o;  for  which  the  force  polygon  closes. 

(d)  A  system  of   coplanar  nonconcurrent  nonparallel  forces  for  which 

2FX  =0;  for  which  SFX  =  ZFV  =  0;  for  which  HM„  =  SM6  =  o. 


Fig.  8 


Fig.  9 


Fig.  10 


26-(n).  A  and  B  (Fig.  9)  are  two  smooth  cylinders  supported  by  two  planes  as 
shown.  A  weighs  200  lbs.  and  B  100  lbs.;  the  diameter  of  A  is  6  ft.  and  of  B  10  ft.; 
a  =  300.     Determine  the  pressures  on  the  planes  and  that  between  the  cylinders. 

27-(n).  Fig.  10  represents  two  wedges;  a  =  700  and  /3  =  400.  A  push  P  of 
1000  lbs.  can  sustain  what  load  Q  if  all  rubbing  surfaces  are  smooth? 

28-(n).  The  chains  AB  and  AC  (Fig.  11)  are  5  ft.  long.  When  BC  =  8  ft.  and 
the  suspended  load  W  =  2  tons,  what  is  the  tension  on  each  chain?  If  the  safe  pull 
for  each  chain  is  3  tons,  how  large  may  the  spread  BC  be? 


•  A  ' 
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Fig.  11 
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Fig.  12 


Fig.  13 


29~(n).  Two  bars  AB  and  CD  (Fig.  12)  are  connected  by  a  pin  at  A  and  to  a 
floor  by  pins  B  and  C.  BC  =  8  ft.,  AB  =  AC  =  5  ft.,  and  AD  =  8  ft.  A  weight 
of  100  lbs.  is  suspended  from  D.     Determine  the  pin  pressures  at  A,  B,  and  C. 

3o-(n).  A  carrier  is  arranged  as  shown  in  Fig.  13.  The  bar  AB  connecting- the 
axles  of  the  wheels  is  24  ins.  long.     The  bars  AC  and  CB  are  each  30  ins.  long.     There 
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Prob.  14-17 


is  a  load  of  1200  lbs.  at  C. 


Fig. 


14 


Determine  the  compression  in  AB  and  the  tension  in  AC 
and  BC. 

3i-(n).  AB  (Fig.  14)  is  a  bar  suspended  from  a  ceiling 
by  means  of  vertical  ropes  AC  and  BD.  The  middle 
points  E  and  F  are  connected  by  another  rope.  AB  =  AC 
=  BD  =  8  f t.  A  vertical  force  P  is  applied  at  the  middle 
G,  deflects  the  ropes  as  shown  by  the  dotted  lines,  and 
raises  the  bar.  How  large  must  P  be  to  support  the  bar 
(weighing  1000  lbs.)  6  ins.  above  its  original  position? 

32-(n).  The  cylinder  of  the  steam  engine  (Fig.  15)  is 
10  ins.  in  diameter,  the  crank  AB  is  5  ins.  long,  and  the 
connecting  rod  BC  is  15  ins.  long.    Assume  the  engine  to 


1 , 

1 

^y^, 

( i)> 

- 

D 
Fig.  15 

1 

1 

be  stalled  in  the  position  shown,  0  =  60 

degrees,  and  the  steam  pressure  150  lbs 

/in2  Determine  the  push  on  the  connect- 
ing rod  BC  and  the  pressure  against  the 

cross-head  guide  D. 
33-(n).  The  bell-crank  45C  (Fig.  16) 

is  pinned  to  a  wall  at  A ;  a  cylinder  G  is  suspended  by  means 
of  a  cord  from  D  as  shown;  BD  =  4  ins.  The  cylinder  weighs 
80  lbs.  and  is  smooth.  Determine  all  the  forces  which  act  upon 
the  bell-crank. 

34-(n).  Fig.  17  represents  a  riveting  machine  operated  by 
compressed  air.  It  consists  of  a  rigid  frame  F  on  which  the 
air  cylinder  C  is  mounted;  P  is  the  piston;  AB  is  the  piston 
rod  pinned  to  the  piston  at  A  so  that  the  rod  can  be  rotated 
somewhat  about  A  inside  of  the  (hollow)  piston;  the  toggle  link 
BD  is  pinned  to  the  frame  at  D;  the  toggle  link  BE  is  pinned 
to  the  plunger  Q  (movable  in  a  vertical  guide  on  the  frame)  at 

E;  HH  are  the  rivet  dies  between  which  the 

rivet  is  squeezed.    AB  =  19  ins.;  BD  =  13  ins.; 

BE  =  10  ins.;  the  diameter  of  the  cylinder  is 

10  ins.    Assume   the   air  pressure  to  be   100 

lbs  /in2  and   then    determine    the  pressure  at 

the  pins  D  and  E,  the  pressure  against  the  guide, 

and  the  pressure  on  the  rivet.     (To  "lay  out " 

this  mechanism  begin  at  D,  then  fix  A,  then  B, 

and  then  E.)     Solve  the  problem  when  A  is 

advanced  2  ins.  from  the  position  shown. 


Fig.  16 
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Fig.  18  Fig.  17 

^-(12).  The  beam  AB  (Fig.  18)  is  supported  at  C  and  D,  and  it  sustains  three 
loads  as  shown.  The  beam  weighs  50  lbs.  per  lineal  feet.  Determine  each  supporting 
force,  or  reaction. 


Prob.  19-22 
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^-(12).  Fig.  19  represents  a  shutter  dam;  AB  is  the  shutter,  and  CD  and  CE  are 
braces.  The  shutter  and  the  braces  are  pinned 
together  at  C;  the  shutter  rests  against  an 
inclined  stop  at  A;  brace  CD  is  pinned  to  a 
bed  plate  at  D;  brace  CE  rests  against  a  bed 
socket  at  E.  The  shutter  is  4  ft.  wide  and  its 
length  AB  =  12  ft.  The  water  pressure  is 
16,000  lbs.,  and  its  "center"  is  at  F,  4  ft. 
from  A.  Determine  the  reactions  at  D  and  E 
due  to  the  water  pressure. 
~\$r(l3)-  Fig.  20  represents  a  truss  supported 
by  a  shelf  B  on  a  wall  and  a  horizontal  tie  A ; 
AB  =  9  ft.  and  5C  =  12  ft.  Determine  the 
reactions  at  A  and  B  due  to  the  loads. 

3^(13).   AB  (Fig.  21)  is  a  beam  supported 
by  a  rod  CD  and  a  pin  at  A ;  45  =  9  ft-  ^C  =  3 

ft.,  4£> 
400  lbs.   and   the  load,  =  W  1000  lbs.     Determine 


lOOOIbs. 


P         500/6$.      500/to. 

FlG-  2°  4^(13).   4   and  5 

pegs  in  a  wall;  they  are  3  and  6  ft.  above  the  floor 
respectively,  and  the  horizontal  distance  between 
them  is  4  ft.  A  smooth  straight  bar  CD,  15  ft.  long 
and  weighing  200  lbs.,  is  placed  under  A  and  over  B 
with  its  lower  end  on  the  floor,  but  is  not  sprung  into 
that  position.  Determine  all  the  pressures  on  the 
bar,  due  to  its  own  weight. 


k-gfc^M*- S'O'- 

Fig.  19 

8  ft.,  and  AE  =  5  ft.    The  beam  weighs 
and  the  load,  = 
the  pull  at  C  and  the  pressure  at  A. 

3)^7(13).  The  crane  represented  in  Fig.  22  is  sup- 
ported by  two  floors  as  shown.  £  is  a  hole  in  the 
upper  floor  and  F  is  a  cylindrical  socket  in  the  lower 
floor.  The  crane  weighs  5  tons  and  its  center  of 
gravity  is  2  ft.  to  the  left  of  the  axis  of  the  post. 
Determine  the  pressures  on  the  floors  when  the  load 
W  is  5000  lbs. 

(Fig.  23)  are  two  horizontal 


*tftfr Floor 
Fig.  22 


41.  AB  (Fig.  24)  is  a  bar  12  ft.  long  fastened 
to  the  floor  at  A  by  a  pin  and  it  rests  at  C  on  a 
smooth  cylinder  4  ft.  in  diameter.  The  center 
of  the  cy Under  is  6  ft.  to  the  right  of  A  and  is 
connected  by  a  horizontal  cord  to  the  bar  at  D. 
A  weight  of  100  lbs.  is  hung  on  the  free  end  of 
the  bar.  What  is  the  pressure  between  the 
bar  and  the  cylinder;  between  the  cylinder 
and  the  floor;  what  is  the  tension  in  the  cord; 
and  what  is  the  pressure  exerted  by  the  nip  on 
the  bar  A  ?  Consider  the  cylinder  and  the  bar 
as  weightless. 

^;  AB  (Fig.  25)  is  a  bar  20  ins.  long,  and 
weighs  10  lbs.    It  rests  on  a  peg  C  and  against  a 
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Prob.  23-27 
What  vertical  force  applied  at  B  will  preserve  the 


smooth  wall  at  A,  as  shown. 

equilibrium  of  the  bar? 

'   jfc^r  If  the  weight  of  the  bar  in  Prob.  42  is  12  lbs.  and  a  load  weighing  4  lbs.  is 

suspended  at  B,  at  what  angle  must  the  bar  be  placed  to  insure  equilibrium? 


vw//////;//1////////*/?////''''''' 
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Fig.  25 


44~(i4).  Figs.  26  and  27  are  two  outline  views  of  a  steam  shovel;  the  former  repre- 
sents a  dumping  and  the  latter  a  digging  position.  A  is  the  "A -frame,"  B  the  boom, 
and  D  the  dipper.  The  pin  P  (axis  perpendicular  to  the  paper)  is  seated  on  the  upper 
half  of  a  "fifth  wheel  "  which  permits  swinging  of  the  boom  about  the  vertical  axis 
PQ.  Two  engines  are  mounted  on  the  boom,  —  the  main  engine  which  operates  the 
hoisting  drum,  and  the  thrusting  engine  which  operates  the  pinion  meshing  with  a 
rack  on  the  bottom  of  the  dipper  handle. 


Fig.  26 


Fig.  27 


Many  of  the  parts  of  a  shovel  are  most  severely  stressed  when  the  dipper  is  en- 
countering an  unyielding  obstruction  in  the  bank.  We  indicate  how  some  of  these 
stresses  may  be  determined  and  then  ask  the  student  to  determine  others. 

The  actual  resistance  of  the  bank  against  the  dipper  cannot  be  determined  with 
certainty  because  the  line  of  action  of  the  resistance  is  generally  unknown.  It  doubt- 
less depends  largely  on  the  direction  in  which  the  cutting  edge  of  the  dipper  tends  to 
move  in  the  bank,  determined  mainly  by  the  pull  of  the  hoisting  rope  and  the  thrust 
on  the  dipper  handle.  Some  designers  assume  that  the  line  of  action  of  the  resist- 
ance for  the  digging  position  shown  in  Fig.  27  is  about  along  the  bottom  of  the  dipper. 
Making  this  assumption  and  analyzing  the  system  of  forces  acting  on  the  dipper  and 


Prob.  28-31 
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its  handle  (resistance  of  the  bank,  hoisting  pull,  weight  of  dipper  and  handle,  and 
thrust  on  the  handle)  we  find  that  the  resistance  is  about  20,000  lbs.  We  might 
proceed  now  and  determine  the  pressures  developed  at  various  points  in  the  structure 
and  mechanism  on  account  of  this  bank  resistance.  For  instance,  analysis  of  all 
the  external  forces  acting  on  the  boom,  dipper  and  handle,  main  and  thrusting  engines 
(resistance  of  bank,  pull  of  front  guys  G',  pin  pressure  at  base  of  boom,  and  weight 
of  parts  under  consideration)  shows  that  the  pull  of  the  guys  is  about  22,000  lbs. 

The  student  should  now  determine  the  stress  in  each  leg  of  the  A  -frame  and  that 
in  each  back  guy  G'.  (These  guys  are  fastened  to  the  car  at  points  9  ft.  apart. 
22  \  ft.  from  the  base  of  the  A  -frame  and  on  the  same  level  with  that  base.) 

45-(i4).  Suppose  that  the  shovel  is  digging  as  shown  in  Fig.  27,  but  with  the  boom 
at  right  angles  to  the  track  as  shown  in  Fig.  26.  The  pull  of  the  front  guys  is  22,000 
lbs.  as  in  the  preceding  problem.  Determine  the  stress  in  each  leg  of  the  ^4-frame, 
and  the  stress  in  each  back  guy. 


Fig.  29 

4fj-(i5).   The  truss  represented  in  Fig.  28  is  supported  at  A  and  D;  CE  =12  ft., 
Pi  =  1000  lbs.  and  Pt  —  2000  lbs.    Deter- 
mine the  amount  and  kind  of  stress  in 
each  member. 

4VH15).  The  truss  represented  in  Fig. 

29  is  supported  at  F  and  D;  BF  =  CE 
=  12  ft.,  Pi  =  P2  =  2000  lbs.,  and. Pz=P4 
=  1000  lbs.  Determine  the  amount  and 
kind  of  stress  in  each  member. 

48-115).   The  truss  represented  in  Fig. 

30  is  supported  at  A  and  E;  each  load  Fig.  30 
P  =  1000  lbs.     Determine  the  amount  and  kind  of  stress  in  each  member. 


Fig.  31 
49-(i5).   The  truss  represented  in  Fig.  31  is  supported  at  each  end;  span  =  80  ft 
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Prob.  32-35 


and  rise  =  20  ft. ;  consecutive  points  on 
AG  are  equidistant;  DI  is  perpendicular 
to  AG;  H  bisects  AI,  and  /  bisects  GI; 
each  load  =  1000  lbs.  Determine  the 
amount  and  kind  of  stress  in  IK,  and  be 
prepared  to  describe  how  to  determine 
the  stress  in  every  other  member. 
7<5<d-(i6).  Solve  Prob.  46  graphically. 
"~^5t^(i6).  The  truss  represented  in  Fig. 
3  2  is  supported  at  each  end.    The  points 


4,  5,  7  are  at  the 
Draw  a  stress  dia- 


1,  2,  3,  6  and  the  points  3 
vertices  of  parallelograms, 
gram  for  the  truss  loaded  as  shown,  and  make  a 
record  of  the  stresses  in  the  members. 
52-(i6).  Solve  Prob.  47  graphically. 
\^(i7).  Fig.  33  represents  a  crane  consisting 
^ofthree  members,  a  boom  AC,  a.  brace  AD,  and 
Ja  post  BF.  The  crane  is  supported  at  E  and  F 
by  two  floors.  The  load  W=  5  tons.  Determine 
all  forces  acting  on  each  member. 

J&^(i7).  The  crane  represented  in  Fig.  34 
consists  of  a  post  AB,  a  boom  CD,  and  braces 
DE  and  FG.  The  crane  is  supported  by  sockets 
at  A  and  B  as  shown.  The  boom  passes  freely 
through  a  smooth  slot  in  the  post  at  H  so  that 


i 
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Fig.  33 

any  reaction  existing  there  will  be 
vertical.  The  counterweight  at 
D  is  §  ton,  the  load  W  is  §  ton, 
and  the  latter  is  21  ft.  from  the 
axis  of  the  post.  Determine  all 
the  forces  which  act  upon  each 
member. 

represents    a    certain  .  type    of 
It   consists   of   a    post   AB,    an 


\ 

-5^(17).   Fig.   3 
hydraulic    crane, 
hydraulic  cylinder  C  mounted  on  the  post,  a  large  sleeve  S 
which  can  be  slipped 
along  the  post,  two  rol- 
lers D  and  E  mounted 


16- 

D 


on  the  sleeve,  a  boom 
EF,  and  a  tie  rod  FG.  When  water  (under 
pressure)  is  admitted  to  the  cylinder,  the 
pistons  are  pushed  upward;  the  upper  one 
bears  against  the  sleeve,  and  rolls  the  entire 
part  DEFG  up  along  the  post.  Let  the  load 
W=  2  tons  and  suppose  that  it  is  10  ft.  out 
from  the  axis  of  the  post;  then  determine  all 
the  forces  which  act  upon  each  pin  (D,  E, 
and  G). 
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Fig-  35 
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N6-(i7).  Solve  Prob.  54  but  take  into  account  the  weights  of  the  members  of  the 
crane  as  follows:  post  AB  =  0.7  ton,  boom  CD  =  0.5  ton,  brace  DE  =  0.3  ton,  and 
brace  FG  =  0.6  ton.     Middle  of  boom  is  7  ft.  6  ins.  from  axis  of  post. 

^7^(17).  Solve  Prob.  53  but  take  into  account  the  weights  of  the  members  which 
are/as  follows:  post  BF  =  0.5  ton,  brace  AD  =--  0.2'ton,  and  boom  AC  =  0.7  ton.  The 
boom  is  18  ft.  long. 

~^5»>(i8).   Fig.  36  represents  a  crane  supported  by  a  foot-step  bearing  at  B  and  a 
/dollar-bearing  at  C.    B  can  furnish  horizontal  and  vertical  support,  and  C  can  furnish 
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Fig.  36 


Fig.  37 


horizontal  support  only.  The  pulleys  E  and  F  are  1  ft.  in  diameter;  the  hoisting 
cable  enters  the  post  at  F,  descends  through  the  post,  over  pulley  G,  and  to  the 
hoist  as  shown.  The  counter-weight  H  is  2  tons  and  the  load  4  tons.  Determine  all 
the  forces  which  act  upon  each  member. 

5Q-(i8).  The  crane  represented  in  Fig.  37  consists  of  a  post  AB,  a  boom  CD,  and  a 
tie  rod  DE.  The  pulley  at  D  and  the  winding  drum  at  G  are  1  ft.  in  diameter.  The 
load  W  is  1  ton.    DE  =  12  ft.     Determine  all  the  forces  which  act  on  each  member. 

6o-(i8).  Imagine  the  winding  drum  (Prob.  59)  to  be  mounted  in  bearings  at  H 
(supported  by  the  brace  CD)  instead  of  at  G.    Then  solve. 

foCond^       — 
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Fig.  38 
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Fig.  41 


Fig.  39  Fig.  40 

r~6i-(io).  A  (Fig.  38)  weighs  100  lbs.  and  B  200  lbs.  A,  B,  and  C  are  very  rough. 
Make  separate  sketches  of  A  and  B  and  represent  all  the  forces  which  act  on  each 
(body  when  P  =  20  lbs.  (not  large  enough  to  produce  any  slipping). 

62-(iq).  A  (Fig.  39)  weighs  100  lbs.  and  B  200  lbs.  For  A  and  B,  n  —  §;  for 
B  and  C,  n  =  §.     How  large  must  P  be  to  cause  slipping? 

°3-(i9).  A  (Fig.  40)  weighs  100  lbs.;  the  surfaces  in  contact  are  very  rough; 
P  =  50  lbs.,  and  a  =  200.     Determine  the  friction  F  and  the  normal  pressure  N. 

64-(i9).  A  (Fig.  40)  weighs  100  lbs.;  a  =  20°,  and  n  =  0.6.  How  large  must 
L JB-be  to  start  A  ?     How  large  is  F  when  slipping  impends? 

^-(19).  A  (Fig.  40)  weighs  100  lbs.,  a  =  400,  m  =  0.6,  P  =  200  lbs.  Does 
P  move  A  ? 

46-(2o).   Same  as  Prob.  63  but  refer  to  Fig.  41. 
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Prob.  42-44 
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-^-(20).-  Same  as  Prob.  64  but  refer  to  Fig.  41. 
68-(2o).   Same  as  Prob.  65  but  refer  to  Fig.  41. 
^-(20).   Fig.  42  represents  a  double-wedge  device  for  raising  and  lowering  a 

heavy  load  IV*  The  device  consists  of  wedges  A  and  B 
and  bearing  blocks  C  and  D;  W  =  200,000  lbs.  The 
coefficient  of  friction  is  0.5.  How  large  are  the  required 
pushes  P  to  raise  the  load?  How  large  are  the  required 
pulls  to  lower  the  load?  (First  consider  C  and  determine 
the  forces  acting  upon  it.) 

7o-(2o).   Fig.  43  represents,  somewhat  conventionalized, 
IG'  42  an  adjusting  device  used  in  making  the  closure  (insertion 

of  the  last  few  members)  of  a  large  cantilever  bridge  (Beaver  River). f  The  mechanical 
elements  are  a  double  wedge  W,  a  screw  S,  and  a  lever  L.  The  accessories  are  a  head 
piece  H ,  two  struts  A ,  and  two  wedge-blocks  B ;  they  are 
pin-connected  as  shown.  C  and  C  are  two  portions  of  the 
bridge  member  to  be  connected ;  they  are  under  compres- 
sion P  and  pin-bear  against  the  compression  blocks.  The 
nut,  which  bears  against  the  head  piece,  can  be  turned  by 
means  of  the  lever,  and  the  screw  and  wedge  raised  or 
lowered.  Raising  ^the  wedge  separates  the  wedge  blocks 
and  parts  C  and  C  Determine  the  necessary  moment  (of 
force)  on  the  lever  for  raising  the  wedge  against  pressures 
p  =  1,235,000  lbs.,  assuming  that  the  struts  A  are  vertical 
and  the  following  data:  mean  diameter  of  screw  =  4! 
ins.;  pitch  of  screw  =  \  in.;  bevel  of  wedge  (each  side) 
=  1  in  10;  mean  radius  of  nut  where  it  bears  on  the  head 
piece  =9  ins.;  coefficient  of  friction  for  all  rubbing  surfaces 
=  \.     (Consider  first  a  wedge-block,  and  determine  all  the  forces  which  act  upon  it.) 

7i-(2o).  Fig.  44  represents  a  screw 
toggle  used  in  the  erection  of  a  steel  arch 
(Niagara  Falls  and  Clifton  Bridge)  4  It 
consists  of  four  multiple  links  pinned  to 
gether  as  shown,  a  right-and-left  screw  S 
with  nuts  N,  and  a  lever  L.  The  toggle 
is  supported  by  the  anchor  rod  R  and  brace 
B.  The  "pulling  end  "  of  the  toggle  was 
connected  to  the  arch  under  construction, 
supplying  the  supporting  force  P.  Assume 
mean  diameter  of  screw  =  2  ins.,  pitch 
=  i  in.,  coefficient  of  friction  =  0.3;  also 
that  now  the  diagonal  MM  =  16  ft.,  4  ins., 
and  the  diagonal  NN  =  4  ft.,  4  ins.  De- 
termine the  couple  on  the  lever  which  will  shorten  NN;  which  will  lengthen  NN. 

72-(2o).    Solve  Prob.  34,  taking  into  account  the  friction  at  all  rubbing  surfaces 
(pins,  piston,  and  guide).    Pins  A  and  E  are  2  ins.  and  pins  B  and  D  are  3  ins.  in 

*  Engineering  News,  July  15,  1911.  f  Engineering  Record,  June  10,  iqii. 

%  Skinner's  "  Details  of  Bridge  Construction." 
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Fig.  44 


Prob. 42-51 


on 


diameter.    The  coefficient  of  friction  is  J.     (Solve  graphically  and  make  drawing  of 
riveter  full  size  or  larger). 

73~(2o).   Fig.  45  represents  a  band-brake.    The  diameter  of  the  wheel  is  1  ft.,  8 
ins.,  the  angle  of  lap  =  2550,  P  =  60  lbs.,  and  the  coefficient 
of  friction  is  ^;  the  wheel  is  turning  clockwise.     Compute  the 
frictional  moment  and  the  pull  on  the  pins  A  and  B.     Solve  for 
the  case  when  the  wheel  is  turning  in  the  other  direction. 

74^(21).  Fig.  46  represents  a  crank-arm  for  a  shaft,  by 
plan  and  elevation  —  dotted  lines  to  be  disregarded.  Locate 
the  center  of  gravity  of  the  arm. 


solve'  Prob.  74  but  change  width  at  thin  end  as 
shown^by  dotted  lines.  (See  Obelisk,  Art.  25.) 

7^(21).   Fig.  47  represents  a  connecting  rod  for  a  steam 
engine  by  plan  and  elevation.     The  rod  is  1^  ins.  thick  except  as  noted.    Determine 
the  distances  of  the  center  of  gravity  from  the  center  of  each  hole. 
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Fig.  46  Fig.  47 

7^(21).  Fig.  48  represents  a  thin  plate  into  which  holes  were  punched  at  A  and 
B,  and  the  pieces  glued  on  at  C  and  D  respectively.  Area  of  hole  A  =  4  ins.2;  that 
of  B  =  2  ins2.    Locate  the  center  of  gravity  of  the  modified  plate. 

ysr- 


IZ'--->\ 


k3''->t 
Fig.  48  Fig.  49 

^8-(2i).  Fig.  49  represents  a  five-sided  prism,  made  from  a  rectangular  prism  by 
bevelling  one  edge  as  shown.  There  is  a  cylindrical  hole  2  ins.  in  diameter  in  the 
piece,  its  axis  being  parallel  to  the  line  AB,  4  ins.  from  the  face  ABCDE,  and  i|  in. 
below  the  face  ABG.     Find  the  center  of  gravity  of  the  modified  prism. 

-4<£-(22).  Fig.  50  is  the  cross  section  of  a  steel  beam  "built- 
up  "  of  two  angles  5X4X2  ins.  and  a  plate  8  X  f  in.  The 
centroid  of  each  angle  is  1.57  ins.  from  the  back  of  the  shorter 
leg.  Determine  the  position  of  the  centroid  of  the  entire  section. 
8&-(22).  Fig.  51  represents  the  cross  section  of  a  machine 
part.  Determine  the  position  of  the  centroid  of  the  cross  section. 
8^(23) .  Prove  that  the  distance  of  the  centroid  of  a  triangle 
from  its  base  equals  one-third  the  altitude. 

82-(23).  Prove  that  the  distance  from  the  centroid  to  the 
base  of  a  paraboloid  of  revolution  formed  by  revolving  a  para- 
bola about  its  axis  equals  one-third  the  altitude  a  (see  Fig. 
168,  page  94). 
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